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Abstrat
Integrating Lie algebroids via staks and appliations to Jaobi manifolds
by
Chenhang Zhu
Dotor of Philosophy in Mathematis
University of California, Berkeley
Professor Alan Weinstein, Chair
Lie algebroids an not always be integrated into Lie groupoids. We introdue
a new objetWeinstein groupoid, whih is a dierentiable stak with groupoid-like
axioms. With it, we have solved the integration problem of Lie algebroids. It turns
out that every Weinstein groupoid has a Lie algebroid, and every Lie algebroid an be
integrated into a Weinstein groupoid.
Furthermore, we apply this general result to Jaobi manifolds and onstrut
ontat groupoids for Jaobi manifolds. There are further appliations in prequantization
and integrability of Poisson bivetors.
Professor Alan Weinstein
Dissertation Committee Chair
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Chapter 1
Introdution
Integrating Lie algebroids is a long-standing problem: unlike (nite dimensional)
Lie algebras
1
whih always have their assoiated Lie groups, Lie algebroids do not always
have their assoiated Lie groupoids [1℄ [2℄. So the Lie algebroid version of Lie's third
theorem poses the question indiated by the following hart:
Lie algebras
dierentiation at identity
//
Lie groups
integration
oo
Lie algebroids
dierentiation at identity
//
?
integration
oo
There have been several approahes to the objet ?. The rst important
approah, due to Pradines [35℄, onstruts a loal Lie groupoid. Another important
approah, due to Craini and Fernandes [13℄ onstruts a universal topologial groupoid.
Some speial ases of this onstrution were also observed through the Poisson sigma
model in [10℄. In [8℄, Weinstein further onjetured that this topologial groupoid must
have some smooth struture. But normal dierential strutures suh as manifolds or
orbifolds an not serve this purpose. In this thesis, dierentiable staks (see [6℄ [30℄
[36℄ and referenes therein) are used to study this smooth struture. We introdue
1
Non-integrability already appears in the ase of innite dimensional Lie algebras [17℄. In this paper,
Lie algebroids are assumed to be nite dimensional.
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an objet whih we all Weinstein groupoid, and prove a version of Lie's third theorem
for Lie algebroids. The approah desribed in this paper enrihes the struture of the
topologial groupoids onstruted in [13℄, and provides a global alternative to the loal
groupoids in [35℄.
Denition 1.0.1 (Weinstein groupoid). A Weinstein groupoid over a manifold M
onsists of the following data:
1. an étale dierentiable stak G (see Denition 2.2.4);
2. (soure and target) maps s¯, t¯: G → M whih are surjetive submersions between
dierentiable staks;
3. (multipliation) a map m¯: G ×s¯,t¯ G → G, satisfying the following properties:
• t¯ ◦ m¯ = t¯ ◦ pr1, s¯ ◦ m¯ = s¯ ◦ pr2, where pri : G ×s¯,t¯ G → G is the i-th projetion
G ×s¯,t¯ G → G;
• assoiativity up to a 2-morphism, i.e. there is a unique 2-morphism α between
maps m¯ ◦ (m¯× id) and m¯ ◦ (id × m¯);
4. (identity setion) an injetive immersion e¯: M → G suh that, up to 2-morphisms,
the following identities
m¯ ◦ ((e¯ ◦ t¯)× id) = id, m¯ ◦ (id× (e¯ ◦ s¯)) = id,
hold (In partiular,by ombining with the surjetivity of s¯ and t¯, one has s¯◦ e¯ = id,
t¯ ◦ e¯ = id on M);
5. (inverse) an isomorphism of dierentiable staks i¯: G → G suh that, up to 2-
morphisms, the following identities
m¯ ◦ (¯i× id ◦∆) = e¯ ◦ s¯, m¯ ◦ (id × i¯ ◦∆) = e¯ ◦ t¯,
hold, where ∆ is the diagonal map: G → G × G.
Moreover, restriting to the identity setion, the above 2-morphisms between maps are
the id 2-morphisms. Namely, for example, the 2-morphism α indues the id 2-morphism
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between the following two maps:
m¯ ◦ ((m¯ ◦ (e¯× e¯ ◦ δ))× e¯ ◦ δ) = m¯ ◦ (e¯× (m¯ ◦ (e¯× e¯ ◦ δ)) ◦ δ),
where δ is the diagonal map: M →M ×M .
General Remark: the terminology involving staks in the above denition, as well as in
the following theorems, will be explained in detail in Chapter 2. For now, to get a general
idea of these statements, one an take staks simply to be manifolds.
Our main result is the following theorem:
Theorem 1.0.2 (Lie's third theorem). To eah Weinstein groupoid one an assoiate
a Lie algebroid. For every Lie algebroid A, there are naturally two Weinstein groupoids
G(A) and H(A) with Lie algebroid A.
Chapter 3 is devoted to the proof of this theorem.
These two Weinstein groupoids G(A) and H(A) ome from the monodromy and
holonomy groupoids of some path spae respetively. Moreover we have the following
onjetures.
Conjeture 1.0.3. H(A) is the unique soure-simply onneted Weinstein groupoid whose
Lie algebroid is A.
Conjeture 1.0.4 (Lie's seond theorem). For any morphism of Lie algebroids
φ : A → B, there is a unique morphism Φ from the Weinstein groupoid H(A) to any
Weinstein groupoid G integrating B, suh that dΦ = φ.
We an apply our result to the lassial integrability problem, whih studies
when a Lie algebroid an be integrated into a Lie groupoid.
Theorem 1.0.5. A Lie algebroid A is integrable in the lassial sense i H(A) is repre-
sentable, i.e. it is an ordinary manifold. In this ase H(A) is the soure-simply onneted
Lie groupoid of A (it is also alled the Weinstein groupoid of A in [13℄).
We an also relate our work to previous work on the integration of Lie algebroids
via the following two theorems:
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Theorem 1.0.6. Given a Weinstein groupoid G, there is an2 assoiated loal Lie groupoid
Gloc whih has the same Lie algebroid as G.
Theorem 1.0.7. As topologial spaes, the orbit spaes of H(A) and G(A) are both
isomorphi to the universal topologial groupoid of A onstruted in [13℄.
The three theorems above are also proved in Chapter 3
In Chapter 4 and Chapter 5, we apply the theory above to integration of Jaobi
manifolds as introdued by Kirillov [22℄ and Lihnerowiz [27℄. Just as eah Poisson
manifold P has an assoiated Lie algebroid T ∗P , a Jaobi manifold M also has an
assoiated Lie algebroid T ∗M ⊕M R, the diret sum of T
∗M and the trivial R bundle
over M [21℄. Integrating the Lie algebroid of a Poisson manifold gives the sympleti
groupoid of the Poisson manifold. In 1993, Kerbrat and Souii-Benhammadi notied that
the base manifold of a ontat groupoid is a Jaobi manifold and that the ontat groupoid
integrates the Lie algebroid assoiated to the Jaobi manifold [21℄. In 1997, Dazord [14℄
proved that loally, every Jaobi manifold an be integrated into a ontat groupoid. Very
reently, Iglesias-Ponte and Marrero [20℄ have generalized ontat groupoids to Jaobi
groupoids and found that the innitesimal invariants of Jaobi groupoids are generalized
Lie bialgebroids.
We begin our study of a Jaobi manifold M (integrable or not) by onstruting
the Weinstein groupoid of the assoiated Lie algebroid T ∗M ⊕M R. In this way, we
reover the ontat groupoid of M and an see learly when M is integrable. In Chapter
4, we prove the following theorem.
Theorem 1.0.8. Let M be a Jaobi manifold, M × R its Poissonization (see Setion
4.2). Then
i) there is an isomorphism between Weinstein groupoids
G(T ∗(M × R)) ∼= G(T ∗M ⊕ R)×R, H(T ∗(M × R)) ∼= H(T ∗M ⊕ R)× R
ii) M is integrable as a Jaobi manifold i M ×R is integrable as a Poisson manifold.
2
It is anonial up to isomorphism near the identity setion.
4
iii) when M is integrable, H(T ∗M ⊕R) is the soure-simply onneted ontat groupoid
(see Setion 4.5) of M .
As appliations of ontat groupoids, we view a Poisson manifold as a Jaobi
manifold and onsider its ontat groupoid. The ontat groupoid of a Poisson manifold
is losely related to the integrability of the Poisson bivetor and prequantization of its
sympleti groupoid.
A Poisson bivetor is a Lie algebroid 2-oyle of the Lie algebroid T ∗M . It is
alled integrable i it omes from a Lie groupoid 2-oyle. The relation between Lie
algebroid oyles (ohomologies) and Lie groupoid oyles (ohomologies) is explained
in [11℄ [39℄. We have the following result on the integrability of Poisson bivetors:
Theorem 1.0.9. The Poisson bivetor Λ of a Poisson manifold M an be integrated
into a Lie groupoid 2-oyle if and only if M is integrable as a Poisson manifold and the
sympleti form of the soure-simply onneted sympleti groupoid is exat.
Equivalent onditions more onvenient for omputations will be given in Chapter
5.
Prequantizations of sympleti groupoids were introdued by Weinstein and Xu
in [39℄, as the rst step in quantizing sympleti groupoids for the purpose of quantizing
Poisson manifolds. Using the ontat groupoids onstruted above in Theorem 1.0.8, we
are able to onstrut the prequantizations of sympleti groupoids. In Chapter 5, we
have the following result:
Theorem 1.0.10. If (Γs(M),Ω) is a sympleti groupoid with Ω ∈ H
2(Γs(M),Z), then
M an be integrated into a ontat groupoid (Γc(M), θ, 1). Furthermore, if we quotient
out by a Z ation, Γc(M)/Z is a prequantization of Γs(M) with onnetion 1-form θ¯
indued by θ. Moreover, (Γc(M)/Z, θ¯, 1) is also a ontat groupoid of M .
5
Chapter 2
Dierentiable staks
The notion of stak has been extensively studied in algebrai geometry for the
past few deades (see for example [5℄ [16℄ [26℄ [37℄). However staks an also be dened
over other ategories, suh as the ategory of topologial spaes and ategory of smooth
manifolds (see for example [4℄ [6℄ [30℄ [36℄ [38℄). In this setion we ollet ertain fats
about staks in the dierentiable ategory that we will use later. Many of them already
appeared in the literature [6℄ [30℄.
2.1 Staks over the ategory of dierentiable (or Banah)
manifolds
2.1.1 The denitions
In general, a stak over a ategory is a ategory bred in groupoids satisfying
some sheaf-like onditions [3℄ [16℄. In partiular, here, we suppose that the base ategory
C is either the ategory of dierentiable manifolds or the ategory of Banah manifolds.
Banah manifolds are possibly innite dimensional and have Banah spaes as their loal
harts [25℄. We endow C with a Grothendiek topology [4℄ by delaring {fi : Ui → S}
to be a overing family if eah fi is an open embedding and ∪ifi(Ui) = S. It is easy to
hek that this forms a basis for a Grothendiek topology on C. See the above itation
or [30℄ Setion 2 for the detailed denition of a Grothendiek topology.
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Denition 2.1.1 (ategories bred in groupoids). A ategory bred in groupoids
X → C is a ategory X over a base ategory C, together with a funtor π : X → C, suh
that the following two axioms are satised:
i) (pullbak) for every morphism V → U in C, and every objet x in X over U (i.e.
π(x) = U), there exists an objet y over V and a morphism y → x lifting V → U ;
ii) for every omposition of morphisms W → V → U in C and morphisms z → x lying
over W → U and y → x lying over V → U , there exists a unique morphism z → y
suh that the triangle of morphisms between x, y, z ommute.
Remark 2.1.2. Here the objet y over V exists (if x exists) and is unique up to a unique
morphism by ii). We all y a pullbak1 of x through f . Let XU be the ategory whose
objets are all the objets in X lying over U and whose morphisms are all the morphisms
lying over idU . By i), XU is not empty if X is not empty. By ii), using U
id
→ U
id
→ U , any
morphism between two objets x and x′ in XU is invertible, i.e. it is an isomorphism.
Therefore suh a bre XU of X over C is a groupoid (set-theoretially).
Denition 2.1.3 (staks). We all X a stak over C if,
i) X → C is a ategory bred in groupoids;
ii) for any S in C and any two objets x, y in XS , the ontravariant funtor Isom(x, y),
dened by
Isom(x, y)(U) ={(f, φ)|f : U → S is a morphism in C,
φ : f∗x→ f∗y is a morphism in XU}
is a sheaf, where f∗x an be any possible pullbak of x via f .
iii) for any S in C, and every overing family {Ui} of S, every family {xi} of objets
xi ∈ XUi and every family of morphisms {φij}, φij : xj|Uij → xi|Uij , satisfying the
oyle ondition φkj ◦ φji = φki (whih holds in the bre XUijk), there exists a
global objet x over S, together with isomorphisms φi : x|Ui → xi suh that we
have φij ◦ φj = φi over Uij .
1
A pullbak is used here sine y is not really unique, but nevertheless, by abuse of notation, we will
still denote it by f∗x or x|V , where f is the morphism V → U .
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Remark 2.1.4. Roughly, i) says that pullbaks exist and are unique up to a unique mor-
phism; iii) says that the elements satisfying the gluing onditions an glue together; ii)
tells us that the element glued is unique up to a unique isomorphism.
2.1.2 Representability
Example 2.1.5. Given a (Banah) manifold M , one an view it as a stak over C. Let M
be the ategory where
Obj(M ) = {(S, u) : S ∈ C, u ∈ Hom(S,M)},
and a morphism (S, u)→ (T, v) of objets is a morphism f : S → T suh that u = v ◦ f .
This ategory enodes all the information of M and no more than this in the sense that
the morphisms between staksM and M ′ all ome from the ordinary morphisms between
M and M ′, i.e. C is a full subategory of the ategory of staks. In this way, the notion
of staks generalizes the notion of manifolds. A stak isomorphi to M for some M ∈ C
is alled representable.
2.2 Dierentiable (Banah) staks
From now on, by manifolds we mean nite dimensional smooth manifolds
unless we put in front the word Banah. However, all the theory an be easily extended
to Banah manifolds (also see Remark 2.5.8). Morphisms between staks are funtors
between ategories over C viewing the staks as ategories over C, and 2-morphisms
between two stak morphisms are natural transformations between funtors.
Denition 2.2.1 (monomorphisms and epimorphisms). A morphism of staks f :
X → Y is alled a monomorphism if for any two objets x, x′ in X over S ∈ C and any
arrow η : f(x)→ f(x′) there is a unique arrow x→ x′ as the preimage of η under f .
A morphism of staks f : X → Y is alled an epimorphism if for any objets
y in Y over S ∈ C there is a overing Si of S and objets xi in X over Si suh that
f(xi) ∼= y|Si , for all i.
Denition 2.2.2 (bre produt [6℄). Given two morphisms of staks φ : X → Z and
ϕY → Z, one an form the bre produt X×φ,Z,ϕY in the following way: the objets over
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S ∈ C are (x, η, y) where x ∈ XS and y ∈ YS and η is an arrow from φ(x) to ϕ(y) in ZS ;
the morphisms over S → S′ are arrows from (x, η, y) to (x′, η′, y′) onsist of ompatible
morphisms x→ x′ and y → y′ and η → η′.
Denition 2.2.3 (representable surjetive submersions [6℄). A morphism f : X →
Y of staks is a representable submersion if for every (Banah) manifold M and every
morphismM → Y the bred produt X×YM is representable and the indued morphism
X ×Y M →M is a submersion. f is a representable surjetive submersion if it is also an
epimorphism.
Denition 2.2.4 (dierentiable (Banah) staks [6℄). A dierentiable (Banah)
stak X is a stak over the ategory C of dierentiable (Banah) manifolds with a rep-
resentable surjetive submersion π : X → X from a (Banah) Hausdor manifold X. X
together with the struture morphism π : X → X is alled an atlas for X .
Example 2.2.5. A Hausdor (Banah) manifold is a dierentiable (Banah) stak by
denition.
Example 2.2.6. Let G be a Lie group. The set of prinipal G-bundles forms a stak BG
in the following way. The objets of BG are
Obj(BG) = {π : P →M |P is a prinipal G-bundle over M.}
A morphism between two objets (P,M) and (P ′,M ′) is a morphism M → M ′ and a
G-equivariant morphism P → P ′ overing M → M ′. Moreover BG is a dierentiable
stak. The atlas is simply a point pt. The map
π :(f : M → pt) 7→ (M ×f,pt,pr G),
(a : (f1 : M1 → pt)→ (f2 : M2 → pt)) 7→ ((x1, g1) 7→ (a(x2), g2)),
(where pr is the projetion from G to the point pt) is a representable surjetive submer-
sion.
2.3 Morphisms and 2-morphisms
We have the following two easy properties of representable surjetive submer-
sions:
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Lemma 2.3.1 (omposition). The omposition of two representable (surjetive) sub-
mersions is still a representable (surjetive) submersion.
Proof. For any manifold U with map U → Z, onsider the following diagram
X ×Y Y ×Z U
f˜
−−−−→ Y ×Z U
g˜
−−−−→ Uy y y
X
f
−−−−→ Y
g
−−−−→ Z.
Sine f and g are representable submersions, Y ×Z U is a manifold so that X ×Z U =
X ×YY×ZU is also a manifold. Sine g˜ and f˜ are submersions, g˜◦ f˜ is also a submersion.
The omposition of two epimorphisms is still an epimorphism.
Lemma 2.3.2 (base hange). In the following diagram
X ×Y Z
g
−−−−→ Zy y
X
f
−−−−→ Y,
(2.1)
where X and Y are dierentiable staks (but not neessarily Z), if f is a representable
(surjetive) submersion, then so is g.
Proof. For any manifold U mapping to Z, we have the following diagram
X ×Y Z ×Z U
h
−−−−→ Uy y
X ×Y Z
g
−−−−→ Z
Composing the above diagram with (2.1), one an see that X×YZ ×Z U = X ×Y U is a
manifold and h is a submersion beause f is a representable submersion. Therefore g is
a representable submersion. Moreover, the base hange of an epimorphism is learly still
an epimorphism.
Remark 2.3.3. In general, we all the proedure of obtaining g from f base hange of
X → Y by Z → Y and we all the result map g the base hange of X → Y by Z → Y.
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Denition 2.3.4 (smooth morphisms of dierentiable staks). A morphism f :
X → Y of dierentiable staks is smooth if for any atlas g : X → X the omposition
X → X → Y satises the following: for any atlas Y → Y the indued morphism
X ×Y Y → Y is a smooth morphism of manifolds.
In the rest of the artile, morphisms between dierentiable staks are referred
to as smooth morphisms without speial explanations.
Denition 2.3.5 (embeddings). A morphism f : X → Y of staks is an embedding if
for every submersion M → Y from a manifold M the produt X ×YM is a manifold and
the indued morphism X ×Y M →M is an embedding of manifolds.
Denition 2.3.6 (immersions, étale maps and losed immersions [30℄). A mor-
phism f : X → Y of staks is an immersion (resp an étale map, or losed immersion) if
for every representable submersion M → Y from a manifold M the produt X ×Y M is
a manifold and the indued morphism X ×Y M → M is an immersion (resp. an étale
map, or losed immersion) of manifolds.
Denition 2.3.7 (étale dierentiable staks). A dierentiable stak X is alled étale
if there is a presentation π : X → X with π being étale.
Lemma 2.3.8. A morphism X → Y is smooth if and only if there exist an atlas X → X
of X and an atlas Y → Y of Y suh that the indued morphism X×Y Y → Y is a smooth
morphism of manifolds.
Proof. One impliation is obvious. Suppose that X×Y Y → Y is smooth. Let T → X be
another atlas. Then using base hange of X ×Y Y → X , T ×X X ×Y Y is a manifold and
T×XX×YY → X×YY is a submersion, hene a smooth map. The map T×XX×YY → Y
fators as T ×X X ×Y Y → X ×Y Y → Y . Hene T ×X X ×Y Y → Y is smooth. It also
fators as T ×X X ×Y Y → T ×Y Y → Y . Similarly, the map T ×X X ×Y Y → T ×Y Y
is a submersion, hene T ×Y Y → Y is smooth.
Now assume that U → Y is an atlas of Y. The indued map T ×Y Y ×Y U →
Y ×Y U is smooth beause it is the base-hange of a smooth map T ×Y Y → Y by a
submersion Y ×Y U → Y . One an nd a olletion of loally losed submanifolds in
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Y ×YU whih form an open overing family for U . Sine being smooth is a loal property,
it follows that T ×Y U → U is smooth as well.
Lemma 2.3.9. A morphism from a manifold X to a dierentiable stak Y is an immer-
sion if and only if X ×Y U → U is an immersion for some atlas U → Y.
Proof. One impliation is obvious. If X ×Y U → U is an immersion, let T → Y be any
submersion from a manifold T . The map X ×Y U → U is transformed by base-hange
by a submersion U ×Y T → U to a map X ×Y U ×Y T → U ×Y T , whih is an immersion
sine being an immersion is preserved by base-hange. One an nd a olletion of loally
losed submanifolds {Ti} in U×YT whih forms a family of harts of T . Moreover X×YT
is a manifold beause T is an atlas of Y. Using base hanges, one an see that X×Ti → Ti
is an immersion and that {X ×Y Ti} forms an open overing family of X ×Y T . Sine
being an immersion is a loal property, it follows that X ×Y T → T is an immersion as
well.
Similarly we have
Lemma 2.3.10. A morphism X → Y of dierentiable staks is a losed immersion if
and only if X ×Y U → U is a losed immersion for some atlas U → Y.
Denition 2.3.11 (submersions). A morphism f : X → Y of dierentiable staks is
alled a submersion
2
if for any atlas M → X , the omposition M → X → Y satises the
following: for any atlas N → Y the indued morphism M ×Y N → N is a submersion.
Remark 2.3.12. In partiular, a representable submersion is a submersion. But the on-
verse is not true: for example the soure and target maps s¯ and t¯ that we will dene in
Setion 1.0.1 are submersions but not representable submersions in general.
We will use later the following result about the bred produts using submer-
sions:
Proposition 2.3.13 (bred produts). Let Z be a manifold and f : X → Z and
g : Y → Z be two morphisms of dierentiable staks. If either f or g is a submersion,
then X ×Z Y is a dierentiable stak.
2
This is dierent from the denition in [30℄, where N ×Y X is required to be a manifold.
12
Proof. Assume that f : X → Z is a submersion. By denition, for any atlas X → X , the
omposition X → X → Z is a submersion. Let Y be a presentation of Y, then X ×Z Y
is a manifold. To see that X ×Z Y is a dierentiable stak, it sues to show that there
exists a representable surjetive submersion from X ×Z Y to X ×Z Y. By Lemma 2.3.2,
X ×Z Y → X ×Z Y and X ×Z Y → X ×Z Y are representable surjetive submersions.
By Lemma 2.3.1, their omposition is also a representable surjetive submersion.
Lemma 2.3.14. Let X ,Y be staks with maps X → Z and Y → Z to a manifold Z, one
of whih a submersion, and let X → X , Y → Y be atlases of X and Y respetively. Then
X ×Z Y → X ×Z Y is an atlas of X ×Z Y.
Proof. Note that X×ZY is a manifold beause one of X → Z and Y → Z is a submersion.
X ×Z Y → X ×Z Y fators into X ×Z Y → X ×Z Y → X ×Z Y. X ×Z Y → X ×Z Y
is a representable surjetive submersion beause X → X is. X ×Z Y → X ×Z Y is a
representable surjetive submersion beause Y → Y is. Thus X ×Z Y → X ×Z Y is a
representable surjetive submersion.
2.4 Lie groupoids and dierentiable staks
Next we explain the relationship between staks and groupoids.
2.4.1 From staks to groupoids
Let X be a dierentiable stak. Given an atlas X0 → X , we an form
X1 := (X ×X X)⇒ X
with the two maps being projetions from the rst and seond fators onto X. By the
denition of an atlas, X1 is a manifold. Moreover it has a natural groupoid struture
with soure and target maps the two maps above. We all this groupoid a presentation
of X . Dierent atlases give rise to dierent presentations (see for example the appendix
to [37℄). An étale dierential stak will have a presentation by an étale groupoid.
Example 2.4.1. In Example 2.1.5 we have the stak M with the atlas M →M . M×MM
is just the diagonal in M ×M , thus is isomorphi to M . Hene we have a groupoid
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M ⇒ M with two maps both equal to the identity. This is learly isomorphi (as a
groupoid) to the transformation groupoid {id} ×M ⇒ M , where {id} represents the
group with only one element.
Example 2.4.2. In Example 2.2.6, an atlas of the stak BG is a point pt. The bre-produt
pt×BG pt is G. So a groupoid presenting BG is simply G⇒ pt.
Example 2.4.3. In the situation of Lemma 2.3.14, put X1 = X ×X X and Y1 = Y ×Y Y ,
then X ×Z Y is presented by the groupoid (X1×Z Y1 ⇒ X ×Z Y ). This follows from the
fat that (X ×Z Y )×X×ZY (X ×Z Y )
∼= (X ×X X)×Z (Y ×Y Y ).
2.4.2 From groupoids to staks
Conversely, given a groupoid G1
s
⇒
t
G0 , one an assoiate a quotient stak X
with an atlas G0 → X suh that G1 = G0 ×X G0. Here we reall the onstrution given
in [6℄ for dierentiable staks. We begin with several denitions.
Denition 2.4.4 (groupoid ation). A Lie groupoid G1
s
⇒
t
G0 ation on a manifold
M from the right (or left) onsists of the following data: a moment map J : M → G0
and a smooth map Φ : M ×J,t G1(or G1 ×s,J M)→M suh that
1. J(Φ(m, g)) = s(g) (or J(Φ(g,m) = t(g));
2. Φ(Φ(m, g), h) = Φ(m, gh) (or Φ(h,Φ(g,m)) = Φ(hg,m));
3. Φ(m,J(m)) = m (or Φ(J(m),m) = m).
Here we identify G0 as the identity setion of G1. From now on, the ation Φ is denoted
by  · for simpliity.
Denition 2.4.5 (groupoid prinipal bundles, or torsors). A manifold P is a
(right or left) prinipal bundle of a groupoid H over a manifold S, if
1. there is a surjetive submersion π : P → S;
2. H1 ats (from the right or left) on P freely and transitively on eah ber of π;
3. the moment map JH : P → H0 is a surjetive submersion. A right prinipal H
bundle is alled a H-torsor too.
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Remark 2.4.6. Sine the ation is free and transitive, one an see that P/H = S. If H
ation is free, P/H is a manifold i H ation is proper. Sine S = P/H is a manifold,
we automatially obtained that the H ation is proper for any H-prinipal bundle.
Let G =(G1
s
⇒
t
G0 ) be a Lie groupoid. Denote by
3 BG the ategory of right G-
prinipal bundles. We now show that BG is moreover a dierentiable stak. An objet
Q of BG over S ∈ C is a right G-prinipal bundle over S. A morphism between two
G torsors π1 : Q1 → S1 and π2 : Q2 → S2 is a smooth map Ψ lifting the morphism ψ
between the base manifolds S1 and S2 (i.e. ψ◦π1 = Ψ◦π2) suh that Ψ is G1-equivariant,
i.e. Ψ(q1 · g) = Ψ(q1) · g for (q1, g) ∈ M ×J1,t G1, where πi are projetions of torsors Qi
onto their bases and Ji are the moment maps, i = 1, 2.
Note: the above ondition implies that J2 ◦Ψ = J1.
This makes BG a ategory over C. Aording to [6℄ it is a dierentiable stak
presented by the Lie groupoid G1
s
⇒
t
G0 : an atlas φ : G0 → BG an be onstruted as
follows: for f : S → G0, we assign the manifold Q = S×f,tG1. (Q is a manifold beause
t is a submersion). The projetion π : Q → S is given by the rst projetion and the
moment map J : Q→ G0 is the seond projetion omposed with s. The groupoid ation
is dened by
(s, g) · h = (s, gh), for all possible hoies of (s, g) ∈ S ×f,t G1, h ∈ G1.
The π-ber is simply a opy of the t-ber, therefore the ation of G1 is free and transitive.
φ is a representable surjetive submersion and G1 = G0 ×φ,φ G0 ts in the following
diagram:
G1
t
−−−−→ G0
s
y φy
G0
φ
−−−−→ BG.
We refer to [6℄ for more details.
Example 2.4.7. In the ase of the trivial transformation groupoid {id} ×M ⇒ M it is
easy to see that the stak onstruted above is M .
3
Or alternatively by [G0/G1].
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2.4.3 Morita equivalene
To further explore the orrespondene between staks and groupoids, we need
the following denition.
Denition 2.4.8 (Morita equivalene [34℄). Two Lie groupoids G =(G1
s
⇒
t
G0 ) and
H =(H1
s
⇒
t
H0 ) are Morita equivalent if there exists a manifold E, suh that
1. G and H at on E from the left and right respetively with moment maps JG and
JH and the two ations ommute;
2. The moment maps are surjetive submersions;
3. The groupoid ations on the bre of the moment maps are free and transitive.
Suh an E is alled a Morita bibundle of G and H.
Remark 2.4.9. If the Morita bibundle is given by an honest groupoid morphism φ : G→
H, then φ is alled a strong equivalene [32℄ from G to H, and we say that G is strongly
equivalent to H. For any two Morita equivalent groupoids G and H, there exists a third
groupoid K whih is strongly equivalent to both of them [32℄.
Proposition 2.4.10. ([6℄ [30℄ [36℄) Dierent presentations of a stak arising from dif-
ferent atlases are Morita equivalent. Two Lie groupoids present isomorphi dierential
stak if and only if they are Morita equivalent.
2.5 Morphisms and 2-morphismsin the world of groupoids
2.5.1 Morphisms
(1-)morphisms between staks an be realized on the level of groupoids.
Denition 2.5.1 (HS morphisms [33℄). A Hilsum-Skandalis (HS) morphism of
Lie groupoids from G to H is a triple (E, JG, JH) suh that:
1. The bundle JG : E → G0 is a right H-prinipal bundle with moment map JH ;
2. G ats on E from left with moment map JG;
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3. The ations of G and H ommute, i.e. (g · x) · h = g · (x · h).
We all E an HS bibundle.
Remark 2.5.2.
i) In the above denition, (3) implies that JH is G invariant and JG is H invariant.
ii) For a homomorphism of Lie groupoids f :(G1
s
⇒
t
G0)→(H1
s
⇒
t
H0), one an form an
HS morphism via the bibundle G0 ×f,H0,t H1 [19℄. Thus the notion of HS morphisms
generalizes the notion of Lie groupoid morphisms.
iii) The identity HS morphism of G1
s
⇒
t
G0 is given by G0×tG1×sG0. An HS morphism
is invertible if the bibundle is not only right prinipal but also left prinipal. In other
words, it is a Morita equivalene.
iv) Two HS morphisms E: (G1 ⇒ G0)→(H1 ⇒ H0) and F : (H1 ⇒ H0)→(K1 ⇒ K0)
an be omposed to obtain an HS morphism (G1 ⇒ G0)→(K1 ⇒ K0) with the bibundle
E ×H0 F/H, where H ats on E ×H0 F by (x, y) · h = (xh, h
−1y) (G and K still have
left-over ations on it). The omposition is not stritly assoiative, but it is assoiative
up to 2-morphism whih we will introdue later. For this subtlety, please see [19℄.
Proposition 2.5.3 (HS and smooth morphism of staks). HS morphisms of Lie
groupoids orrespond to smooth morphisms of dierentiable staks. More preisely, an
HS morphism E: (G1
s
⇒
t
G0 )→(H1
s
⇒
t
H0 ) indues a smooth morphism of dierentiable
staks φE : BG1 → BH1. On the other hand, given a smooth morphism φ: X → Y and
atlases G0 → X ,H0 → Y, φ indues an HS morphism Eφ: (G1
s
⇒
t
G0 )→(H1
s
⇒
t
H0 ),
where (G0×X G0) =G1
s
⇒
t
G0 and (H0×Y H0) =H1
s
⇒
t
H0 present X and Y respetively.
Proof. Suppose that (E, JG, JH) is an HS morphism. Given a right G-prinipal bundle
P over S with the moment map JP , we form
Q = P ×G0 E/G,
where the G-ation is given by
(p, x) · g = (pg, g−1x), if JP (p) = t(g) = JG(x).
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Sine the ation of G is free and proper on P , the G-ation on P ×G0 E is also free and
proper. So Q is a manifold. In the following steps, we will show that Q is a H-torsor,
then we an dene φE by φE(P ) = Q on the level of objets.
1. Dene πQ : Q → S by πQ([(p, x)]) = πP (p). Sine πP : P → S is G invariant,
πQ is a well-dened smooth map. Sine any small enough urve γ(t) in S an be
pulled bak by πP as γ˜(t) in P , γ(t) an be pulled bak by πQ to Q = P ×G0 E as
[(γ˜(t), x)]. Therefore πQ is a surjetive submersion.
2. Dene JQ : Q → H0 by JQ([p, x]) = JH(x). Sine JH is G invariant, JQ is well-
dened and smooth.
3. Dene H ation on Q by [(p, x)] · h = [(p, xh)]. It is well dened sine the ations
of G and H ommute. If [(p, x)] · h = [(p, x)], then there exists a g ∈ G1, suh that
(pg, g−1xh) = (p, x). Sine the G ation is free on P and the H ation is free on
E, we must have g = 1 and h = 1. Therefore the H ation on Q is free.
4. If [(p, x)] and [(p′, x′)] belong to the same bre of πQ, i.e. πP (p) = πP (p
′), then
there exists a g ∈ G1, suh that p
′ = pg. So [(p, x)] = [(p′, g−1x)]. Sine JG(x
′) =
JP (p
′) = s(g) = JG(g
−1x), there exists an h ∈ H1, suh that x
′h = g−1x. So
[(p′, x′)]h = [(p, x)], i.e. the H ation on Q is transitive.
On the level of morphisms, we dene a map whih takes a morphism of right G
prinipal bundles f : P1 → P2 to a morphism of right H prinipal bundles
f˜ : P1 × E/G→ P2 × E/G, given by [(p, x)] 7→ [(f(p), x)].
Therefore φE is a map between staks. The smoothness of φE follows from the following
laim and Lemma 2.3.8.
Claim: As a manifold, E is isomorphi to H0 ×Y G0, where the map G0 → Y is the
omposition of the atlas projetion πG : G0 → X and φE . Under this isomorphism, the
two moment maps JH and JG oinide with the projetions from H0 ×Y G0 to H0 and
G0 respetively.
Proof of the Claim: Sine the ategory of manifolds is a full subategory of the ategory
of staks, it sues to show E and G0 ×Y G0 are isomorphi as staks.
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Examining the denition of bre produt of staks (Denition 2.2.2, we see
that an objet in H0 ×Y G0 over a manifold S ∈ C is (fH , f, fG) where fH : S → H0,
fG : S → G0 and f is an H equivariant map tting inside the following diagram:
S ×fH ,H0,t H1
f
−−−−→ S ×fG,G0,JG Ey y
S
id
−−−−→ S.
Here we use (x, e) 7→ [(x, 1x, e)] to identify S ×fG,G0,JG E with (S ×fG,t G1 ×s,JG E)/G
whih is the image of the trivial torsor S ×fG,t G1 under the map φE ◦ πG. Then by
x 7→ prE ◦ f(x, 1x), f gives a map ψf : S → E, whih is an objet of the stak E.
On the other hand for any ψ : S → E, one an onstrut a map f : S ×fH ,H0,t
H1 → S ×fG,G0,JG E by f(x, h) = (x, ψ(x) · h). Moreover, fH and fG are simply the
ompositions of ψ with the moment maps of E.
One an verify that this is a 1-1 orrespondene on the level of objets of these
two staks. The orrespondene on the level of morphisms is also easy to hek.
Finally, from the onstrution above, it is not hard to see that the moment maps
are exatly the projetions from H0 ×Y G0 to H0 and G0. ▽
We sketh the proof of the seond statement (whih is not used in the remainder
of this paper). We have morphisms G0 → X
φ
−→ Y and H0 → Y. Take the bibundle Eφ
to be G0 ×Y H0. It is not hard to hek that Eφ satises the required properties.
In view of Proposition 2.5.3, the fat that the omposition of HS morphisms is
not assoiative an be understood by the fat that ompositions of 1-morphisms of staks
are assoiative only up to 2-morphisms of staks.
2.5.2 2-morphisms
As HS morphisms orrespond to morphisms in staks, 2-morphisms also have
their exat ounterparts in the language of Lie groupoids. Reall that morphisms of
staks are just funtors between ategories, and a 2-morphism of staks between two
morphisms is a natural transformation between these two morphisms viewed as funtors.
We have 2-morphisms of groupoids dened as following:
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Denition 2.5.4 (2-morphisms). Let (Ei, J iG, J
i
H) be two HS morphisms from the Lie
groupoid G to H. A 2-morphism from (E1, J1G, J
1
H) to (E
2, J2G, J
2
H) is a bi-equivariant
isomorphism from E1 to E2.
Remark 2.5.5.
i) If the two HS morphisms are given by groupoid homomorphisms f and g between G
and H, then a 2-morphism from f to g is just a smooth map α : G0 → H1 so that
f(x) = g(x) ·α(x) and α(γx) = g(γ)α(x)f(γ)−1, where x ∈ G0 and γ ∈ G1. So it is easy
to see that not every two morphisms an be onneted by a 2-morphism and when they
an, the 2-morphism may not be unique (for example, this happens when the isotropy
group is nontrivial and ommutative).
ii) From the proof of Proposition 2.5.3, one an see that a 2-morphism between HS mor-
phisms orresponds to a 2-morphism between the orresponding (1)-morphisms on the
level of staks.
2.5.3 Invariant maps
Invariant maps are a onvenient way to produe maps between staks that we
will use later in the onstrution of the Weinstein groupoid.
Lemma 2.5.6. Given a Lie groupoid G1
s
⇒
t
G0 and a manifold M , any G-invariant map
f : G0 →M indues a morphism f¯ : BG→M between the dierentiable staks suh that
f = f¯ ◦ φ, where φ : G0 → BG is the overing map of atlases.
Proof. Sine f is G invariant, f introdues a morphism between Lie groupoids: (G1
s
⇒
t
G0)→ (M ⇒M). By Proposition 2.5.3 it gives a smooth morphism between dierentiable
staks. More preisely, let Q → S be a G torsor over S with moment map J1 and
projetion π1. Sine the G ation on the π1-bre is free and transitive, we have S =
Q×f◦J1,id M/G1. Notie that a (M ⇒M)-torsor is simply a manifold S with a smooth
map to M . Then f¯(Q) is the morphism J2 : S → M given by J2(s) = f ◦ J1(q), where
q is any preimage of s by π (it is well dened sine f is G-invariant). For any map
a : S → G0, the image under φ is Qa = S ×a,t G1, and f¯(Qa) is the map f ◦ a sine f is
G-invariant. Therefore f = f¯ ◦ φ.
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Lemma 2.5.7. If a G invariant map f : G0 → M is a submersion, then the indued
map f¯ : BG→M is a submersion of dierentiable staks.
Proof. Let U →M be a morphism of manifolds. Using base hange of the representable
surjetive submersion G0 → BG by the projetion BG ×f¯ ,M U → BG, we an see that
BG ×M U is a dierentiable stak with the atlas G0 ×M U . Note that the omposition
G0×M U → BG×M U → U is a submersion beause it's the base hange of f : G0 →M
by U → M . Now take an atlas V → BG ×M U whih is a representable surjetive
submersion.
G0 ×M U ×BG×MU V G0 ×M U
V BG×M U U
G0
BG M
✲
❍❍❍❍❍❥
❄
❍❍❍❍❥
❳❳❳❳❳❳❳❳❳❳❳❳③✲ ✲
❄ ❄
❍❍❍❍❍❍❥
❳❳❳❳❳❳❳❳❳❳❳❳❳❳③✲
We see that G0 ×M U ×BG×MU V is a manifold and the projetions to G0 ×M U and V
are submersions. The omposition
G0 ×M U ×BG×MU V → V → U
oinides with
G0 ×M U ×BG×MU V → G0 ×M U → BG×M U → U,
whih is a surjetive submersion. Hene V → U is a submersion.
Remark 2.5.8. It is not hard to see that the onstrution of staks in the ategory of
smooth manifolds an be extended to the ategory of Banah manifolds, yielding the
notion of Banah staks. Many properties of dierentiable staks, inluding the ones
disussed here, are shared by Banah staks as well. Also, the ategory of dierentiable
staks an be obtained from the ategory of Banah staks by restriting the base ategory.
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2.6 Vetor bundles
2.6.1 Vetor bundles over staks
Example 2.6.1. Let E be the ategory of all vetor bundles. The morphisms in E are
bundle maps. Then E is a ategory over C. The set of objets over S ∈ C is the set
of all vetor bundles over S. Then E is a stak over C whose the pullbaks (as in the
denition of staks) are the ordinary pullbaks for vetor bundles. More preisely, given
a morphism f : S → T and a vetor bundle V → T , then f∗T = S ×T V .
Denition 2.6.2 (Bundle funtor). A ontravariant funtor F : X → E is alled a
bundle funtor if
1. for every morphism f : S → T , there is an isomorphism αf from F(T ) ◦ f
∗
to
S ×T · ◦ F(S), i.e. the following diagram is ommute up to αf :
XT
f
−−−−→ XS
FT
y yFS
EU
S×T ·−−−−→ ES .
2. for every two morphisms f : S → T , g : T → R, the oyle ondition
αg◦f = (R×g,T αf ) ◦ g(f
∗),
where we identify R×g,T (T × f, S·) with R×g◦f,S ·.
Proposition-Denition 2.6.3 (vetor bundles over staks). A vetor bundle V over
a stak X is a stak over C along with a bundle funtor F : X → E suh that,
1. the set of objets over S ∈ C is
Obj(V)|S = {(x, y) : x ∈ X , y is a global setion of F(x)};
2. a morphism over f : S → T is an arrow from (f∗x, y′) to (x, y) where y′ is deter-
mined by y via the inverse of the following isomorphism:
αf (x) : F(f
∗(x))→ S ×T F(x).
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There is a projetion F : V → X given by,
(x, y) 7→ x, ((f∗x, y′)→ (x, y)) 7→ (f∗x→ x).
With this projetion V is also a stak over X .
Proof. See [26℄, Chapter 14.
Proposition-Denition 2.6.4 (pull-baks). Let V be a vetor bundle over a stak Y
given by a bundle funtor F and φ : X → Y a morphism of staks. Then φ ◦ F is also
a bundle funtor X → E and the vetor bundle given by it is alled the pull-bak vetor
bundle φ∗V by the map φ.
Proof. For an f : S → T , we an hoose f∗ (of X aording to that of Y) suh that the
following diagram ommutes,
XT
f∗
−−−−→ XS
φ
y
yφ
YT
f∗
−−−−→ YT .
The rest of the proof follows by omposition of diagrams.
2.6.2 Vetor bundles over groupoids
Let us rst reall the following denition [31℄:
Denition 2.6.5 (vetor bundles over Lie groupoids). A vetor bundle over a Lie
groupoid G is an equivariant G vetor bundle V over G0 suh that the G ation (from
the right) is linear.
Proposition-Denition 2.6.6 (pull-baks via HS morphisms). Let (E, JG, JH) be
an HS morphism from the Lie groupoid G to H. Let VH be a vetor bundle over H in
the sense of Denition 2.6.5. Then VH ×H0 E/H is a vetor bundle over G, where the H
ation on VH ×H0 E is given by (v, e) · h = (vh, eh). We dene it as the pull bak of VH
via E and denote it by E∗VH .
Proof. It is easy to see that VH ×H0 E = J
∗
HVH is an H-equivariant vetor bundle over
E. Sine the H ation on E is free and proper, its ation on VH ×H0 E is free and proper
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too. Hene VH ×H0 E/H is a manifold and furthermore a vetor bundle over G0 = E/H.
Moreover G ats on it from right by [(v, e)] · g = [(v, g−1e)]. Clearly this ation is linear
sine [(λv, g−1e)] = λ[(v, g−1e)].
Remark 2.6.7. If the HS morphism is atually given by a groupoid homomorphism φ :
G → H, then it is easy to hek that the pull-bak by φ viewed as an HS morphism is
the same as the usual pull-bak of vetor bundles via φ|G0 : G0 → H0.
Lemma 2.6.8. In the above setting, VH ×H0 E with obvious projetions indues an HS
morphism from the groupoid E∗VH ×G0 G1 ⇒ E
∗VH to VH ×H0 H1 ⇒ VH . Moreover, if
E is a Morita bibundle, then VH ×H0 E is also a Morita bibundle.
Proof. It is easy to hek that the bre-wise free and transitive ation ofH (resp. G) on E
gives the bre-wise free and transitive ation of VH×H0H1 ⇒ VH (resp. E
∗VH×G0G1 ⇒
E∗VH) on VH ×H0 E.
2.6.3 Vetor bundles over dierentiable staks
Given a vetor bundle F : V → X , if the base stak X is a dierentiable stak,
one should have some ner requirements for V to be a vetor bundle in a dierentiable
fashion.
Denition 2.6.9 (vetor bundles over dierentiable staks). A vetor bundle over
a dierentiable stak X is a vetor bundle F : V → X in the sense of staks suh that
the map F is a representable surjetive submersion.
Lemma 2.6.10. A vetor bundle over a dierentiable stak is a dierentiable stak.
Proof. Let F : V → X be a vetor bundle over the dierentiable stak X . Choose an
atlas X0 of X . Then V ×X X0 is a manifold sine F is a representable submersion and
V ×X X0 → V is a representable surjetive submersion beause X0 → X is so.
V ×X X0 −−−−→ X0y y
V
F
−−−−→ X .
24
We have an alternative and more diret way to dene the above onept if
we look more arefully into the denition of the vetor bundles over staks. The new
denition allows us to link the vetor bundles over dierentiable staks and the vetor
bundles over Lie groupoids.
Denition 2.6.11 (vetor bundles over dierentiable staks). Let X be an dier-
entiable stak. A vetor bundle V on X onsists of the following set of data:
• for eah groupoid presentation G of X, a vetor bundle VG over G,
• for eah ommutative diagram
G0 H0
X
❅
❅❘
✲ϕ
 
 ✠
(2.2)
with G and H groupoid presentations and ϕ a strong equivalene, an isomorphism
αϕ : VG → ϕ
∗VH .
The isomorphisms αϕ are required to satisfy
• the oyle ondition: for any three groupoid presentations: G, H, and K, and
strong equivalenes ϕ and ψ whih t into a ommutative diagram
G0 H0 K0
X
✲ϕ
❅
❅
❅❅❘ ❄
✲ψ
 
 
  ✠
we have
αψ◦ϕ = ϕ
∗αψ ◦ αϕ : VG → (ψ ◦ ϕ)
∗VK = ϕ
∗(ψ∗VK).
Remark 2.6.12. This denition is more like a denition for dierentiable vetor funtors,
nevertheless we don't make distinguish between bundle funtors and vetor bundles here.
One might wonder why α being an isomorphism of vetor bundles in this denition is
enough to enode it being an isomorphism of funtors in Denition 2.6.2. The reason
is that all the objets with the form (x, y) suh that x : P → S is a G torsor an be
reovered by VG. Please see Proposition 2.6.13 for more details.
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Proposition 2.6.13. Given a vetor bundle VG over a Lie groupoid G, one an onstrut
a vetor bundle V over the dierentiable stak X that G presents, suh that V is presented
by VG ×G0 G1 ⇒ VG.
Proof. Let V be the vetor bundle onstruted by the ontra-variant funtor
F : X → E , (x : P → S) 7→ P ×J,G0,π VG/G1,
where J is the moment map of the G torsor x : P → S and π : VG → G0 is the
projetion. Then on the level of objets, V ×X G0 onsists of the elements with the form
((x, y), η, S → G0) where x : P → S is a G-torsor, y is a global setion of the vetor
bundle P ×J,G0 VG/G1 and η is an isomorphism from x to the trivial prinipal G-bundle
S ×G0 G1 → S. Hene x : P → S is also a trivial prinipal G-bundle. Therefore η(y) is
given by a map S → VG. Then
φ : ((x, y), η, S → G0) 7→ (η(y) : S → VG),
and
ϕ : (f : S → VG) 7→ ((x = S ×π◦f,G0 VG, y = (s, f(s)), id, π ◦ fS → G0),
give the isomorphisms between V ×X G0 and VG. Notie that ϕ ◦ φ and id dier by a
natural transformation given by the η part of an element.
Remark 2.6.14. Given any other presentation H of X , let VH = E
∗VG, where E is the
Morita bibundle from H to G. It is easy to see they determine the same dierentiable
stak.
Proposition 2.6.15. Given a dierentiable stak X with the groupoid presentation G,
there is a 1-1 orrespondene between the set of the vetor bundles over X with the set of
vetor bundles over G.
Proof. We adapt the notation in the previous proposition. One diretion is assured by the
previous proposition. The other diretion is also true by taking VG = F(s : G1 → G0).
It is not hard to hek that suh an VG gives the same vetor bundle as F .
The following proposition tells us the relation between the onept of pull-baks
in the setting of staks and groupoids.
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Proposition 2.6.16 (pull-baks). Let V be a vetor bundle over a dierentiable stak
Y. Let φ : X → Y be a smooth morphism between dierentiable staks. For every
presentation G of X , let
VG := E
∗VH ,
where H is a groupoid presentation of Y and E is the HS bibundle orresponding to φ.
Then the vetor bundle given by VG as above is φ
∗V the pull-bak of V via φ.
Proof. Here we show it for a strong morphism φ : G → H sine from this the general
ase follows. The key of the proof is the observation that
φ∗(VH) = G0 ×H0 VH
is also
F(φ(s : G1 → G0)).
2.6.4 Tangent bundles and tangent groupoids
Here we put bundle in quotation marks beause of the following reason: the
rst obvious try to dene the tangent bundle of a stak is to onstrut the bundle funtor
by F(x) = TS for any element x over S. However given a map f : S → T , it is easy
to see that the pull-bak of the tangent bundle of T is not always TS. However one
an give the denition of tangent bundles via the usage of groupoids, though it is not a
hart-independent method. Via this method, one an see that a tangent bundle is not
always a vetor bundle.
Proposition-Denition 2.6.17. Let X be a dierentiable stak presented by a Lie
groupoid G. The tangent bundle of X is the dierentiable stak presented by the tangent
groupoid TG.
Proof. We have to show the denition does not depend on the hoie of groupoid rep-
resentations. Let H be another groupoid presentation of X . Then H and G are Morita
equivalent through a Morita bibundle (E, JG, JH). Then we laim that (TE, TJG, TJH)
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gives the Morita equivalene between the tangent groupoids TG and TH. To see this,
notie that the groupoid ation Φ of G on E,
Φ : G× E → E,
lifts to the tangent groupoid by taking derivatives,
TΦ : TG× TE → TE.
The fat that the ation Φ is free and transitive bre-wise on E, i.e. E → H0 is a left
prinipal G bundle, is equivalent to the fat that the map
pr2 × Φ : G× E → E × E
is an isomorphism, where pr2 is the projetion to the seond fator. Then it is easy to
see that
p˜r2 × TΦ : TG× TE → TE × TE
is also an isomorphism, where p˜r2 the projetion to the seond fator. Hene TE is a
left prinipal TG-bundle with moment map TJG. Similarly, TE is also a right prinipal
TH-bundle with moment map TJH .
In the ase when X is étale, take an étale presentation G of X . Then TG =
(TG1 ⇒ TG0) is simply the ation groupoid TG0×G0G1 ⇒ TG0. By Proposition 2.6.13,
it is a vetor bundle over X . On the other hand, if TG = (TG1 ⇒ TG0) is in the form
of VG × G1 ⇒ VG, then it has to be the ation groupoid TG0 ×G0 G1 ⇒ TG0 whih is
true i G is an étale presentation of X , in partiular X has to be étale.
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Chapter 3
Weinstein groupoids
In this hapter, we will introdue the new onept of Weinstein groupoids and
solve the Lie's third theorem for Lie algebroids.
3.1 Path spaes
We dene the A0-path spae, whih is very similar to
1
the A-paths dened in
[13℄.
Let us rst reall the denition of a Lie algebroid.
Denition 3.1.1. A Lie algebroid is a vetor bundle A→M , together with a Lie algebra
braket [·, ·] on the spae of setions Γ(A) and a bundle map ρ : A → TM , alled the
anhor, satisfying
[a1, fa2] = f [a1, a2] + (ρ(a1)f)a2
for any a1, a2 ∈ Γ(A), f ∈ C
∞(M).
Remark 3.1.2. From this ondition it follows that for any a1, a2 ∈ Γ(A), ρ[a1, a2] =
[ρa1, ρa2] [24℄.
Denition 3.1.3 (A0-paths and A-paths). Given a Lie algebroid A
π
−→ M with
anhor ρ : A→ TM , a C1 map a: I = [0, 1]→ A is an A0-path if
ρ(a(t)) =
d
dt
(π ◦ a(t)) ,
1
Atually it is a submanifold of the A-path spae.
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and it satises the following boundary onditions,
a(0) = 0, a(1) = 0, a˙(0) = 0, a˙(1) = 0.
We often denote by γ(t) the base path π ◦ a(t) in M . We denote P0(A) the set of all
A0-paths of A. It is a topologial spae with topology given by uniform onvergene of
maps. Omitting the boundary ondition above, one gets the denition of A-paths, and
we denote the spae of A-paths by PaA.
We an equip P0A with the struture of a smooth (Banah) manifold using a
Riemannian struture on A. On the total spae of C1 path PA = C1(I,A), there is a
C∞-struture as follows: at every point a : I → A in PA, let a∗TA→ I be the pull-bak
of the tangent bundle to I. For ǫ > 0, let Tǫ ⊂ a
∗TA be the open set onsisting of
tangent vetors of length less than ǫ. For suiently small ǫ, we have the exponential
map exp: Tǫ → A, (t, v) 7→ expa(t) v. It maps Tǫ to an open subset of A. Using this map
we an identify PTǫ, the C
1
-setions of Tǫ, with an open subset of PA. The oriented
vetor bundle a∗TA over I is trivial. Let ϕ : a∗TA → I × Rn be a trivialization where
n is the dimension of A. Then ϕ indues a mapping from PTǫ to PR
n = C1(I,Rn).
Sine C1(I,Rn) is a Banah spae with norm ‖f‖2 = sup{|f |2 + |f ′|2}, PTǫ an be used
as a typial Banah hart for the Banah manifold struture of PA. P0A is dened by
equations on PA whih, in the loal harts above, an be written as
γ˙k(t) =
m−n∑
j=1
ρkj (γ(t))a
j(t), aj(0) = aj(1) = 0, a˙j(0) = a˙j(1) = 0,
for j = 1, ..., n = rankA, k = 1, ...,m = dimM. The spae of solutions is a losed subspae
of P (Rn), hene is also a Banah spae and it gives a typial hart of P0A. In this way,
P0A inherits the struture of a Banah manifold from PA. We refer to [25℄ for the
denition and further properties of Banah manifolds.
Proposition-Denition 3.1.4. Let a(ǫ, t) be a family of A0-paths of lass C
2
in ǫ and
assume that their base paths γ(ǫ, t) have xed end points. Let ∇ be a onnetion on A
with torsion T∇ dened as
T∇(α, β) = ∇ρ(β)α−∇ρ(α)β + [α, β]. (3.1)
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Then the solution b = b(ǫ, t) of the dierential equation2
∂tb− ∂ǫa = T∇(a, b), b(ǫ, 0) = 0 (3.2)
does not depend on the hoie of onnetion ∇. Furthermore, b(·, t) is an A-path for
every xed t, i.e. ρ(b(ǫ, t)) = ddǫγ(ǫ, t). If the solution b satises b(ǫ, 1) = 0, for all ǫ, then
a0 and a1 are said to be equivalent and we write a0 ∼ a1.
Remark 3.1.5. A homotopy of A-paths [13℄ is dened by replaing A0 by A in the de-
nition above. A similar result as above holds for A-paths [13℄. So the above statement
holds viewing A0-paths as A-paths.
This ow of A0-paths a(ǫ, t) generates a foliation F . The A0-path spae is a
Banah submanifold of the A-path spae and F is the restrited foliation of the folia-
tion dened in Setion 4 of [13℄. For any foliation, there is an assoiated monodromy
groupoid[32℄ (or fundamental groupoid as in [9℄) : the objets are points in the
manifold and the arrows are paths within a leaf up to leaf-wise homotopy with xed
end points. The soure and target maps assoiate the equivalene lass of paths to the
starting and ending points respetively. It is a Lie groupoid in the sense of [13℄, for any
regular foliation on a smooth manifold. In our ase, it is an innite dimensional groupoid
equipped with a Banah manifold struture. Here, we slightly generalized the denition
of Lie groupoids to the ategory of Banah manifolds by requiring exatly the same on-
ditions but in the sense of Banah manifolds. Denote the monodromy groupoid of F by
Mon(P0A)
sM
⇒
tM
P0A. In a very similar way, one an also dene the holonomy groupoid
Hol(F) of F [32℄: the objets are points in the manifold and the arrows are equivalene
lasses of paths with the same holonomy.
Sine P0A is seond ountable, we an take an open over {Ui} of P0A whih
onsists of ountably many small enough open sets so that in eah hart Ui, one an
hoose a transversal Pi of the foliation F . By Proposition 4.8 in [13℄, eah Pi is a smooth
manifold with dimension equal to that of A. Let P =
∐
Pi be the smooth immersed
submanifold of P . We an hoose {Ui} and transversal {Pi} to satisfy the following
onditions:
2
Here, T∇(a, b) is not quite well dened. We need to extend a and b by setions of A, α and β, suh
that a(t) = α(γ(t), t) and the same for b. Then T∇(a, b)|γ(t) := T∇(α, β)|γ(t) at every point on the base
path. However, the hoie of extending setions does not aet the result.
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1. If Ui ontains the onstant path 0x for some x ∈M , then Ui has the transversal Pi
ontaining all onstant paths 0y in Ui for y ∈M .
2. If a(t) ∈ Pi for some i, then a(1− t) ∈ Pj for some j.
It is possible to meet the above two onditions: for (1) we refer readers to Proposition 4.8
in [13℄. There the result is for PaA. For P0A, one has to use a smooth reparameterization
τ with the properties:
1. τ(t) = 1 for all t ≥ 1 and τ(t) = 0 for all t ≤ 0;
2. τ ′(t) > 0 for all t ∈ (0, 1).
Then aτ (t) := τ(t)′a(τ(t)) is in P0A for all a ∈ PaA. φτ : a 7→ a
τ
denes an injetive
bounded linear map from PaA → P0A. Therefore, we an adapt the onstrution for
PaA to our ase by using φτ . For (2), we dene a map inv : P0A→ P0A by inv(a(t)) =
a(1 − t). Obviously inv is an isomorphism. In partiular, it is open. So we an add
inv(Ui) and inv(Pi) to the olletion of open sets and transversals. The new olletion
will have the desired property.
Restrit Mon(P0A) to P . Then Mon(P0A)|P is a nite dimensional étale Lie
groupoid
3
[34℄, denoted by Γ
s1
⇒
t1
P . If we hoose a dierent transversal P ′, the restrition
Γ′ of Mon(P0A) to P
′
will be another nite dimensional étale Lie groupoid. All these
groupoids are related by Morita equivalene: Γ′ is Morita equivalent to Γ through the
nite dimensional bibundle s
−1
M (P )∩t
−1
M (P
′), where sM and tM are the soure and target
maps of Mon(P0A); Mon(P0A) ⇒ P0A is Morita equivalent to Γ
s1
⇒
t1
P through the
Banah bibundle s
−1
M (P ). One an do the same to Hol(P0A) and get a nite dimensional
étale Lie groupoid, whih we denote by Γh
s1
⇒
t1
P . However, these groupoids are Morita
equivalent to eah other in a similar way as their monodromy ounterpart, but not to the
groupoids indued from Mon(P0A).
We will build a Weinstein groupoid of A based on this path spae P0A. One
an interpret the identity setion as the embedding obtained by taking onstant paths
0x, for all x ∈ M , the inverse of a path a(t) as a(1 − t), and the soure and target
3
An étale Lie groupoid is a Lie groupoid suh that the soure (hene the target) map is a loal
dieomorphism.
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map s and t as taking the end points of the base path γ(t). Aording to the two
onditions above, these maps are well-dened on the nite dimensional spae P as well.
Sine reparameterization and projetion are bounded linear operators in Banah spae
C∞(I,Rn), the maps dened above are smooth maps in P0A, hene in P . So we ould
almost make P or P0A into a Lie groupoid, exept that the multipliation has not been
dened yet.
To dene multipliation, notie that for any A-paths a1, a0 in P0A suh that
the base paths satisfy γ0(1) = γ1(0), one an dene a onatenation [13℄:
a1 ⊙ a0 =


2a0(2t), 0 ≤ t ≤
1
2
2a1(2t− 1),
1
2 < t ≤ 1
Conatenation is a bounded linear operator in the loal harts, hene is a smooth
map. However it is not assoiative. Moreover it is not well-dened on P . If we quotient
out by the equivalene relation indued by F , onatenation is assoiative and well-
dened. However, after quotienting out by the equivalene, we may not end up with a
smooth manifold any more. To overome the diulty, our solution is to pass to the
world of dierentiable staks.
3.2 Constrution
Reall that in Setion 3.1, given a Lie algebroid A, we onstruted an étale
groupoid Γ
s1
⇒
t1
P . Hene we an onstrut an étale dierentiable stak G(A) presented
by Γ
s1
⇒
t1
P . If we hoose a dierent transversal P ′, the restrition of Mon(P0A) on P
′
,
Γ′, is Morita equivalent to Γ. As we have seen, this implies that they present isomorphi
dierentiable staks. Therefore, we might as well base our disussion on Γ
s1
⇒
t1
P .
Moreover, Mon(P0A)⇒ P0A is Morita equivalent to Γ
s1
⇒
t1
P . So G(A) an also
be presented by Mon(P0A) as a Banah stak.
In this setion, we will onstrut two Weinstein groupoids G(A) and H(A) for
every Lie algebroid A and prove Theorem 1.0.5.
Theorem 1.0.5. A Lie algebroid A is integrable in the lassial sense i H(A) is repre-
sentable, i.e. it is an ordinary manifold. In this ase H(A) is the soure-simply onneted
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Lie groupoid of A (it is also alled the Weinstein groupoid of A in [13℄).
We begin with G(A). We rst dene the inverse, identity setion, soure and
target maps on the level of groupoids.
Denition 3.2.1. Dene
• i : (Γ
s1
⇒
t1
P )→(Γ
s1
⇒
t1
P ) by g = [a(ǫ, t)] 7→ [a(ǫ, 1 − t)], where [·] denotes the
homotopy lass in Mon(P0A);
• e : M →(Γ
s1
⇒
t1
P ) by x 7→ 10x , where 10x denotes the identity homotopy of the
onstant path 0x;
• s :(Γ
s1
⇒
t1
P )→M by g = [a(ǫ, t)] 7→ γ(0, 0)(= γ(ǫ, 0), ∀ǫ), where γ is the base path
of a;
• t :(Γ
s1
⇒
t1
P )→M by g = [a(ǫ, t)] 7→ γ(0, 1)(= γ(ǫ, 1), ∀ǫ);
These maps an be dened similarly on Mon(P0A)⇒ P0A. These maps are all bounded
linear maps in the loal harts ofMon(P0A). Therefore they are smooth homomorphisms
between Lie groupoids. Hene, they dene smooth morphisms between dierentiable
staks. We denote the maps orresponding to i, ǫ, s, t on the stak level by i¯, ǫ¯, s¯ and t¯.
Lemma 3.2.2. The maps s¯ and t¯ are surjetive submersions. The map e¯ is a monomor-
phi immersion. The map i¯ is an isomorphism.
Proof. s and t restrited to P are Γ-invariant submersions beause any path through x
in M an be lifted to a path in P passing through any given preimage of x. Aording
to Lemma 2.5.6 and 2.5.7, the indued maps s¯ and t¯ are submersions.
Denote by e0 : M → P the restrited map of e on the level of objets. Notie
that e0 ts into the following diagram (whih is not ommutative):
M ×G(A) P P
M G(A)
✲pr2
❄
pr1
❄
π
✲e¯
 
 
 
 
 ✒
e0
(3.3)
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Given x = (f : U → M) ∈ M , as a G-torsor we have e¯(x) = U ×e0◦f,G0 G1 and e0(x) =
(e0 ◦ f : U → G0) ∈ G0. Given y = (g : U → G0) ∈ G0, we have π(y) = U ×g,G0 G1. A
typial objet of Mi ×G G0 is (x, η, y) where η is a morphism of G-torsors from e¯(x) to
π(y) over idU of U . Then by the equivariany of η, we have a map φ: U → G1, suh that
e0 ◦ f = g · φ. Therefore, we have a map α : M ×G(A) G0 → G1 given by α(x, η, y) = φ,
suh that
e0 ◦ pr1 = pr2 · α.
Sine π is étale, so is pr1. Moreover, sine e0 is an embedding, pr2 must be an immersion.
Therefore, by Lemma 2.3.9, e¯ is an immersion.
As s ◦ e = t ◦ e = id holds on the level of groupoids, this identity passes to an
identity on the level of dierentiable staks too. Sine s¯ ◦ e¯ = t¯ ◦ e¯ = id, it is easy to see
that e¯ must be monomorphi and s¯ (and t¯) must be epimorphi.
The map i is an isomorphism of groupoids, hene it indues an isomorphism at
the level of staks.
We dene the multipliation for the innite dimensional presentationMon(P0A)
with soure and target maps bsM and tM . First we extend onatenation toMon(P0A).
Consider two elements g1, g0 ∈Mon(P0A) whose base paths on M are onneted at the
end points. Suppose gi is represented by ai(ǫ, t). Dene
g1 ⊙ g0 = [a1(ǫ, t)⊙t a0(ǫ, t)],
where ⊙t means onatenation with respet to the parameter t and [·] denotes the equiv-
alene lass of homotopies.
Notie that s ◦ sM = s ◦ tM and t ◦ sM = t ◦ tM are surjetive submersions. By
Lemma 2.3.14 and Example 2.4.3,
Mon(P0A)×s◦sM ,M,t◦tM Mon(P0A)⇒ P0A
with soure and target maps sM × sM and tM × tM is a Lie groupoid and it presents the
stak
G ×s¯,M,t¯ G.
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Finally let m be the following smooth homomorphism between Lie groupoids:
Mon(P0A) ×
s◦sM ,M,t◦tM
Mon(P0A)
sM×sM

tM×tM

⊙
//Mon(P0A)
sM

tM

P0A× P0A
⊙
// P0A
Multipliation is less obvious obvious for the étale presentation Γ⇒ P . We will
have to dene the multipliation through an HS morphism.
Viewing P as a submanifold of P0A, let E = s
−1
M (P ) ∩ t
−1
M (m(P ×M P )) ⊂
Mon(P0A). Sine sM and tM are surjetive submersions and m(P ×M P ) ∼= P ×M P
is a submanifold of P0A, E is a smooth manifold. Sine P is a transversal, tM : E →
m(P ×M P ) is étale. Moreover dimm(P ×M P ) = 2dimP − dimM . So E is nite
dimensional. Further notie that m : P0A × P0A → P0A is injetive and its inverse
m−1 dened on the image of m is given by
m−1 : b(t) 7→ (b(2t1), b(1 − 2t2)) t1 ∈ [0,
1
2
], t2 ∈ [
1
2
, 1]
whih is bounded linear in a loal hart. Let π1 = m
−1 ◦ tM : E → P ×M P and
π2 = sM : E → P . Then it is routine to hek that (E, π1, π2) is an HS morphism from
Γ×M Γ⇒ P×MP to Γ⇒ P . It is not hard to verify that on the level of staks (E, π1, π2)
and m give two 1-morphisms diered by a 2-morphism. Thus, after modifying E by this
2-morphism, we get another HS-morphism (Em, π
′
1, pi
′
2) whih presents the same map as
m. Moreover, Em ∼= E as bibundles.
Therefore, we have the following denition:
Denition 3.2.3. Dene m¯ : G(A) ×s¯,t¯ G(A) → G(A) to be the smooth morphism
between étale staks presented by (Em, π
′
1, π
′
2).
Remark 3.2.4. If we use Mon(P0A) as the presentation, m¯ is also presented by m.
Lemma 3.2.5. The multipliation m¯ : G(A) ×s,t G(A) → G(A) is a smooth morphism
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between étale staks and is assoiative up to a 2-morphism, that is, the diagram
G(A) ×
s,t
G(A) ×
s,t
G(A) G(A) ×
s,t
G(A)
G(A) ×
s,t
G(A) G(A)
✲id×m¯
❄
m¯×id
❄
m¯
✲m¯
is 2-ommutative, i.e. there exists a 2-morphism α : m¯ ◦ (m¯× id)→ m¯ ◦ (id× m¯).
Proof. We will establish the 2-morphism on the level of Banah staks. Notie that
a smooth morphism in the ategory of Banah manifolds between nite dimensional
manifolds is a smooth morphism in the ategory of nite dimensional smooth manifolds.
Therefore, the 2-morphism we will establish gives a 2-morphism for the étale staks.
Take the Banah presentation Mon(P0A), then m¯ an simply be presented as
a homomorphism between groupoids as in (3.2). Aording to Remark 2.5.5, we now
onstrut a 2-morphism α : P0A×M P0A×M P0A→Mon(P0A) in the following diagram
Mon(P0A)×
M
Mon(P0A)×
M
Mon(P0A)
m◦(m×id)
m◦(id×m)
//
sM×sM×sM

tM×tM×tM

Mon(P0A)
sM

tM

P0A×M P0A×M P0A // P0A
Let α(a1, a2, a3) be the natural resaling between a1⊙(a2⊙a3) and (a1⊙a2)⊙a3.
Namely, α(a1, a2, a3) is the homotopy lass represented by
a(ǫ, t) = ((1− ǫ) + ǫσ′(t))a((1 − ǫ)t+ ǫσ(t)), (3.4)
where σ(t) is a smooth reparameterization suh that σ(1/4) = 1/2, σ(1/2) = 3/4. In
loal harts, α is a bounded linear operator, therefore, it is a smooth morphism between
Banah spaes. Moreover, m ◦ (m × id) = m ◦ (id ×m) · α. Therefore α serves as the
desired 2-morphism.
One might be urious about whether there is any further obstrution to asso-
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iativity. There are six ways to multiply four elements in G(A). Let
F1 = m¯ ◦ m¯× id ◦ m¯× id× id,
F2 = m¯ ◦ id× m¯ ◦ m¯× id× id,
F3 = m¯ ◦ m¯× id ◦ id× id× m¯,
F4 = m¯ ◦ id× m¯ ◦ id× id× m¯,
F5 = m¯ ◦ id× m¯ ◦ id× m¯× id,
F6 = m¯ ◦ m¯× id ◦ id× m¯× id.
They are morphisms tting into the following ommutative ube.
G(A)×
M
G(A)×
M
G(A)
m¯×id
**UU
UUU
id×m¯

G(A)×
M
G(A)×
M
G(A)×
M
G(A)
id×id×m¯
11ccccccccccccccccccccccc
m¯×id×id
++XXX
XX
id×m¯×id

G(A)×
M
G(A)
m¯

G(A)×
M
G(A)×
M
G(A)
id×m¯
11ddddddddddddddddddddddd
m¯×id

G(A)×
M
G(A)
m¯
**UU
UUU
UUU
U
G(A)×
M
G(A)×
M
G(A)
id×m¯
11ccccccccccccccccccccccccccccccc
m¯×id
++XXX
XXXX
XX
G(A)
G(A)×
M
G(A)
m¯
11ddddddddddddddddddddddddddddddd
There is a 2-morphism on eah fae of the ube to onnet Fi and Fi+1 (F7 = F1),
onstruted as in the last Lemma. Let αi : Fi → Fi+1. Will the omposition α6◦α6◦...◦α1
be the identity 2-morphism? If so, given any two dierent ways of multiplying four (hene
any number of) elements, dierent methods to obtain 2-morphisms between them will
give rise to the same 2-morphism. Sine 2-morphisms between two 1-morphisms are not
unique if our dierential staks are not honest manifolds, it is neessary to study the
further obstrution.
Proposition 3.2.6. There is no further obstrution to the assoiativity of m¯ in G(A).
Proof. Choose Mon(P0A) as the presentation of G(A), then the αi's onstruted above
an be expliitly written out as a smooth morphism: P0A×M P0A×M P0A×M P0A→
Mon(P0A). More preisely, aording to the lemma above, αi(a1, a2, a3, a4) is the natural
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resaling between Fi(a1, a2, a3, a4) and Fi+1(a1, a2, a3, a4). Here by abuse of notation, we
denote by Fi also the homomorphism on the groupoid level. It is not hard to see that
α6 ◦ α6 ◦ ... ◦α1 is represented by a resaling that is homotopi to the identity homotopy
between A0-paths.
Therefore, the omposed 2-morphism is atually the identity sine Mon(P0A)
is made up by the homotopy of homotopy of A0-paths. We also notie that the identity
morphism in the ategory of Banah manifolds between two nite dimensional mani-
folds is the identity morphism in the ategory of nite dimensional smooth manifolds.
Therefore, there is no further obstrution even for 2-morphisms of étale staks.
Now to show that G(A) is a Weinstein groupoid that we have dened in the in-
trodution, we only have to show that the identities in item (4) and (5) in Denition 1.0.1
hold and the 2-morphisms in these identities are identity 2-morphisms when restrited
to M . Notie that for any A0-path a(t), we have
a(t)⊙t 1γ(0) ∼ a(t), a(1− t)⊙t a(t) ∼ γ(0),
where γ is the base path of a(t). Using i) in Remark 2.5.5, we an hene see that on
the groupoid level m ◦ ((e ◦ t) × id) and id only dier by a 2-morphism, and the same
for m ◦ (i × id) and e ◦ s. Therefore the orresponding identities hold on the level of
dierentiable staks. Moreover, the 2-morphisms (in all presentations of G(A) we have
desribed above) are formed by resalings. But when they restrit to onstant paths in
M , they are just id.
Summing up what we have disussed above, G(A) with all of the strutures we
have given is a Weinstein groupoid over M .
We further omment that one an onstrut another natural Weinstein groupoid
H(A) assoiated to A exatly in the same way as G(A) by the Lie groupoid Hol(P0A)
or Γh
s1
⇒
t1
P sine they are Morita equivalent by a similar reason as for their monodromy
ounterparts. One an establish the identity setion, the inverse, et., even the multi-
pliation in exatly the same way. One only has to notie that in the onstrution of
the multipliation, the 2-morphism in the assoiativity diagram is the holonomy lass
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(not the homotopy lass) of the reparameterization (3.4). One an do so beause homo-
topi paths have the same holonomy. Moreover, for the same reason, there is no further
obstrution for the multipliation on H(A), too.
The integrability of A and the representability of G(A) are not exatly the
same, due to the presene of isotropy groups. But, sine holonomy groupoids are always
eetive [32℄, the integrability of A is equivalent to the representability of H(A) (see
Theorem 3.2.8 and Theorem 1.0.5).
Proposition-Denition 3.2.7 (orbit spaes). Let X be a dierentiable stak pre-
sented by Lie groupoid X = (X1 ⇒ X0). The orbit spae of X is dened as the topo-
logial quotient X0/X1. Throughout the paper, when we say that the orbit spae is a
smooth manifold, we mean that it has the natural smooth manifold struture indued
from X0.
Proof. We have to show that the topologial quotient is independent of the hoie of
presentations. Suppose that there is another presentation Y whih is Morita equivalent
to X through (E, JX , JY ). Let Ox be the orbit of X1 in X0 through point x. By the fat
that both groupoid ations are free and transitive ber-wise, JY ◦ J
−1
X (Ox) is another
orbit Oy of Y . In this way, there is a 1-1 orrespondene between orbits of X and Y .
Hene, Y0/Y1 understood as the spae of orbits is the same as X0/X1 (i.e. the projetion
X0 → X0/X1 is smooth).
Theorem 3.2.8. A Lie algebroid A is integrable in the lassial sense, i.e. there is a
Lie groupoid whose Lie algebroid is A, i the orbit spae of G(A) is a smooth manifold.
Moreover, in this ase, the orbit spae of G(A) is the unique soure-simply onneted Lie
groupoid integrating A.
Proof. First let Mon(PaA) be the monodromy groupoid of the foliation indued by ho-
motopy of A-paths in Setion 3.1.3. We will show that Mon(PaA) is Morita equivalent
to Mon(P0A). Notie that P0A is a submanifold of PaA, so there is another groupoid
Mon(PaA)|PoA over P0A. We laim it is the same asMon(P0A). Namely, an A-homotopy
a(ǫ, t) between two A0 paths a0 and a1 is homotopi to an A0-homotopy a˜(ǫ, t) between
a0 and a1. The idea is to divide a˜ into three parts:
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i) First deform a0 to a
τ
0 through a0(ǫ, t), whih is dened as
(1− ǫ+ ǫτ ′(t))a0((1− ǫ)t+ ǫτ(t)),
where τ is the reparameterization indued in Setion 3.1.3;
ii) Then, deform aτ0 to a
τ
1 through a(ǫ, t)
τ
;
iii) At last, onnet aτ1 to a1 through a1(ǫ, t), whih is dened as a1((1−ǫ)τ
′(t)+ǫ)a1(ǫt+
(1− ǫ)τ(t)). Then onnet these three piees by a similar method as in the onstrution
of onatenations (though it might be pieewise smooth at the joints). Obviously, a˜ is a
homotopy inside A0-paths and it is homotopi to a resaling (over ǫ) of a(ǫ, t) through
the onatenation of a0((1−λ)ǫ, t) and (λ+(1−λ)τ
′(t))a(ǫ, λ+(1−λ)τ ′(t)) and a1((1−
λ)ǫ + λ, t). Eventually, we an smooth out everything to make the homotopy and the
homotopy of homotopies both smooth so that they are as desired.
It is routine to hek that Mon(PaA)|P0A is Morita equivalent to Mon(PaA)
through the bibundle t
−1(P0A), where t is the target of the new groupoid Mon(PaA).
So the orbit spae of G(A) an be realized as P0A/Mon(P0A) whih is iso-
morphi to PaA/Mon(PaA). The rest of the proof follows from the main result in [13℄,
PaA/Mon(PaA) is a smooth manifold i A is integrable and if so, PaA/Mon(PaA) is the
unique soure-simply onneted Lie groupoid integrating A.
Theorem 1.0.5. A Lie algebroid A is integrable in the lassial sense i H(A) is repre-
sentable, i.e. it is an ordinary manifold. In this ase H(A) is the soure-simply onneted
Lie groupoid of A (it is also alled the Weinstein groupoid of A in [13℄).
Proof for Theorem 1.0.5. Aording to [32℄, if the orbit spae of a holonomy groupoid is
a manifold then it is Morita equivalent to the holonomy groupoid itself.
Hene a dierentiable stak X = BG presented by a holonomy groupoid G is
representable if and only if the orbit spae G0/G1 is a smooth manifold. One diretion
is obvious beause G0/G1 ⇒ G0/G1 is Morita equivalent to G = (G1 ⇒ G0) if the orbit
spae is a manifold. The other impliation is not hard either, if one examines the Morita
equivalene diagram of G and X ⇒ X . The Morita bibundle has to be G0 sine X is a
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manifold. Therefore G0 is a prinipal G bundle over X . This implies that G0/G1 is the
manifold X .
Notie that in general the orbit spaes of monodromy groupoids and holonomy
groupoids of a foliation are the same. By Theorem 3.2.8 and the argument above, we
onlude that A is integrable i H(A) is representable and in this ase, H(A) is
P0A/Hol(P0A) = P0A/Mon(P0A) = PaA/Mon(PaA),
the unique soure-simply onneted Lie groupoid integrating A.
Reall Theorem 1.0.7:
Theorem 1.0.7.As topologial spaes, the orbit spaes of H(A) and G(A) are both iso-
morphi to the universal topologial groupoid of A onstruted in [13℄.
Combining the proofs of Theorem 3.2.8 and Theorem 1.0.5, Theorem 1.0.7 fol-
lows naturally.
So far we have onstruted G(A) andH(A) for every Lie algebroid A and veried
that they are Weinstein groupoids. Thus we have proved half of Theorem 1.0.2. For the
other half of the proof, we will rst introdue some properties of Weinstein groupoids.
3.3 Weinstein groupoids and loal groupoids
In this setion, we examine the relation between abstrat Weinstein groupoids
and loal groupoids. A loal Lie groupoid Gloc is an objet satisfying all axioms of a
Lie groupoid exept that the multipliation is dened only near the loal setion. Namely
there is a neighborhood of U the identity setionM suh that the multipliation is dened
from U ×M U → Gloc.
Let us rst show a useful lemma.
Lemma 3.3.1. Given any étale atlas G0 of G, there exists an open overing {Ml} of M
suh that the immersion e¯ : M → G an be lifted to embeddings el : Ml → G0. On the
overlap Ml∩Mj, there exists an isomorphism ϕlj : ej(Mj ∩Ml)→ el(Mj ∩Ml), suh that
ϕlj ◦ ej = el and ϕlj's satisfy oyle onditions.
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Proof. Let (Ee, JM , JG) be the HS-bibundle presenting the immersion e¯ : M → G. As a
right G-prinipal bundle over M , Ee is loally trivial, i.e. we an pik an open overing
{Ml} so that JM has a setion τl : Ml → Ee when restrited to Ml. Sine e¯l := e¯|Ml is
an immersion (the omposition of immersions Ml → M and e¯ is still an immersion), it
is not hard to see that pr2 : Ml ×G G0 → G0 transformed by base hange G0 → G is an
immersion. Notie that el = JGτl : Ml → G0 ts into a diagram similar to (3.3):
Ml ×G G0 G0
Ml G
✲pr2
❄
pr1
❄
π
✲e¯l
 
 
 
 
 ✒
el
Following a similar argument as in the proof of Lemma 3.2.2, we an nd a map α :
Ml ×G G→ G1 suh that
el ◦ pr1 = pr2 · α.
Sine π is étale, so is pr1. Therefore el is an immersion.
Sine an immersion is loally an embedding, we an hoose an open overingMik
of {Ml} so that el|Mik is atually an embedding. To simplify the notation, we an hoose
a ner overing {Ml} at the beginning and make el an embedding. Moreover, using the
fat that G ats on Ee transitively (ber-wise), it is not hard to nd a loal bisetion glj
of G1 := G0 ×G G0, suh that el · glj = ej . Then ϕlj = ·g
−1
lj satises ϕlj ◦ ej = el. Sine
the el's are embeddings, the φlj 's naturally satisfy the oyle ondition.
Before the proof of Theorem 1.0.6, we need a loal statement.
Theorem 3.3.2. For every Weinstein groupoid G, there exists an open overing {Ml} of
M suh that one an assoiate a loal Lie groupoid Ul over eah open set Ml.
Proof. Let G be presented by G = (G1 ⇒ G0), and {Ml} be an open overing as in
Lemma 3.3.1.
Let (Em, J1, J2) be the HS bibundle from G1 ×M G1 ⇒ G0 ×M G0 to G whih
presents the stak morphism m¯ : G ×M G → G.
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Notie that M is the identity setion, i.e.
Ml ×M Ml(= Ml)
m¯=id
−→ Ml
↓ y ↓
G ×M G
m¯
−→ G.
Translate this ommutative diagram into groupoids. Then the omposition of HS mor-
phisms
Ml ×M Ml(= Ml) //

G1 ×M G1

G1

Em
J2
!!C
CC
CC
CC
C
J1
yyss
ss
ss
ss
ss
Ml ×M Ml
el×el // G0 ×M G0 G0
(3.5)
is the same (up to 2-morphism) as el : Ml → G0. Therefore, omposing the HS maps
in (3.5) gives an HS bibundle J−11 (el × el(Ml ×M Ml)) whih is isomorphi (as an HS
bibundle) to Ml ×G0 G1 whih presents the embedding el. Therefore, one an easily nd
a global setion
σl : Ml →Ml ×G0 G1
∼= J−11 (el × el(Ml ×M Ml)) ⊂ Em
dened by x 7→ (x, 1el(x)). Furthermore, we have J2 ◦ σl(Ml) = el(Ml). Sine G is an
étale groupoid, Em is an étale prinipal bundle over G0 ×M G0. Hene J1 is a loal
dieomorphism. Therefore, one an hoose two open neighborhoods Vl ⊂ Ul of Ml in G0
suh that there exists a unique setion σ′l extending σl over (Ml = Ml×MMl ⊂)Vl×Ml Vl
in Em and the image of J2 ◦ σ
′
l is Ul. The restrition of σ
′
l on Ml is exatly σl. Sine
Ul ⇒ Ul ats freely and transitively ber-wise on σ
′
l(Vl×MlVl) from the right, σ
′
l(Vl×MlVl)
an serve as an HS bibundle from Vl×MlVl to Ul. (Here, we view manifolds as groupoids.)
In fat, it is the same as the morphism
ml := J2 ◦ σ
′
l : Vl ×Ml Vl → Ul.
By a similar method, we an dene the inverse as follows. By i¯ ◦ e¯l = e¯l, we
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have the following ommutative diagram:
Ml
m¯=id
−→ Ml
↓ y ↓
G
i¯
−→ G.
Suppose (Ei, J1, J2) is the HS bibundle representing i¯. Translate the above diagram into
groupoids. Then we have the omposition of the following HS morphisms:
Ml //

G1

G1

Ei
J2
  A
AA
AA
AA
A
J1
~~}}
}}
}}
}}
Ml
el // G0 G0
(3.6)
is the same (up to a 2-morphism) as el : Ml → G0. Therefore, omposing the HS maps
in (3.6) gives an HS bibundle J−11 (el(Ml)), whih is isomorphi (as an HS bibundle) to
Ml ×G0 G1 whih represents the embedding el. Therefore, one an easily nd a global
setion
τl : Ml →Ml ×G0 G1
∼= J−11 (el(Ml)) ⊂ Ei
dened by x 7→ (x, 1el(x)). Furthermore, we have J2◦σl(Ml) = el(Ml). Sine G is an étale
groupoid, Ei is an étale prinipal bundle over G0. Hene J1 is a loal dieomorphism.
Therefore, one an hoose an open neighborhood of Ml in G0, whih we might assume
to be Ul as well, suh that there exists a unique setion τ
′
l extending τl over (Ml ⊂)Ul in
Ei and the image of J2 ◦ τ
′
l is in Ul. The restrition of τ
′
l on Ml is exatly τl. So we an
dene
il := J2 ◦ τ
′
l : Ul → Ul.
Sine M is a manifold, examining the groupoid piture of maps s¯ and t¯, one
nds that they atually ome from two maps s and t from G0 to M . Hene, we dene
soure and target maps of Ul as the restrition of s and t on Ul and denote them by sl
and tl respetively.
The 2-assoiative diagram of m¯ tells us thatml◦(ml×id) andml◦(id×ml) dier
in the following way: there exists a smooth map from an open subset of Vl×Ml Vl×Ml Vl,
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where both of the above maps are dened, to G1, suh that,
ml ◦ (ml × id) = ml ◦ (id×ml) · α.
Sine the 2-morphism in the assoiative diagram restriting to M is id, we have
α(x, x, x) = 1el(x).
Sine G is étale and α is smooth, the image of α is inside the identity setion of G1.
Therefore ml is assoiative.
It is not hard to verify the other groupoid properties in a similar way by trans-
lating orresponding properties on G to Ul. Therefore, Ul with maps dened above is a
loal Lie groupoid over Ml.
To prove the global result, we need the following proposition:
Proposition 3.3.3. Given Ul and Uj onstruted as above (one an shrink them if ne-
essary), there exists an isomorphism of loal Lie groupoids ϕ˜lj : Uj → Ul extending the
isomorphism ϕlj in Lemma 3.3.1. Moreover the ϕ˜lj's also satisfy oyle onditions.
Proof. Sine we will restrit the disussion to Ml ∩Mj , we might assume that Ml = Mj .
Then aording to Lemma 3.3.1, there is a loal bisetion glj of G1 suh that el · glj = ej .
Extend the bisetion glj to Ul (we denote the extension still by glj , and shrink Vk and
Uk if neessary for k = l, j) so that
(Vl ×Ml Vl) · (glj × glj) = Vj ×Mj Vj and Ul · glj = Uj .
Notie that sine G1 is étale, the soure map is a loal isomorphism. Therefore, by
hoosing small enough neighborhoods of the Ml's, the extension of glj is unique. Let
ϕ˜lj = ·g
−1
lj . Then it is naturally an extension of ϕlj . Moreover, by uniqueness of the
extension, the ϕ˜lj 's satisfy oyle onditions as the ϕlj 's do.
Now we show that ϕ˜lj = ·glj is a morphism of loal groupoids. It is not hard
to see that ·glj preserves the soure, target and identity maps. So we only have to show
that
il · glj = ij , ml · glj = mj.
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For this purpose, we have to reall the onstrution of these two maps. il is dened as
J2 ◦ τ
′
l . Sine there is a global setion of J1 over Ul in Ei, we have J
−1
1 (Ul)
∼= Ul×il,G0 G1
as G torsors. Under this isomorphism, we an write τ ′l as
τ ′l (x) = (x, 1el(x)).
The G ation on Ul ×il,G0 G1 gives (x, 1el(x)) · glj = (x, glj). Moreover, we have
J2((x, glj)) = J2(x, 1ej (x)) = sG(glj),
where sG is the soure map of G. Combining all these, we have shown that il · glj = ij .
The other identity for multipliations follows in a similar way.
Reall Theorem 1.0.6:
Theorem 1.0.6. Given a Weinstein groupoid G, there is an4 assoiated loal Lie groupoid
Gloc whih has the same Lie algebroid as G.
Proof of Theorem 1.0.6. Now it is easy to onstrut Gloc as in the statement of the the-
orem. Notie that the set of {Ul} with isomorphisms the ϕlj 's whih satisfy oyle
onditions serve as a hart system. Therefore, gluing them together, we arrive at a global
objet Gloc. Sine the ϕlj 's are isomorphisms of loal Lie groupoids, the loal groupoid
strutures also glue together. Therefore Gloc is a loal Lie groupoid.
If we hoose two dierent open overings {Ml} and {M
′
l} of M for the same
étale atlas G0 of G, we will arrive at two systems of loal groupoids {Ul} and {U
′
l}.
Sine {Ml} and {M
′
l} are ompatible hart systems for M , ombining them and using
Proposition 3.3.3, {Ul} and {U
′
l} are ompatible hart systems as well. Therefore they
glue into the same global objet up to isomorphism near the identity setion.
If we hoose two dierent étale atlases G′0 and G
′′
0 of G, we an take their
renement G0 = G
′
0 ×G G
′′
0 and we an take a ne enough open overing {Ml} so that it
embeds into all three atlases. Sine G0 → G
′
0 is an étale overing, we an hoose the Ul's
in G′0 small enough so that they still embed into G0. So the groupoid onstruted from
the presentation G0 with the overing Ul is the same as the groupoid onstruted from
4
It is anonial up to isomorphism near the identity setion.
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the presentation G′0 with the overing Ul's. The same is true for G
′′
0 and G0. Therefore
our loal groupoid Gloc is anonial.
We will nish the proof of the part ontaining the Lie algebroid in the next
setion.
3.4 Weinstein groupoids and Lie algebroids
In this setion, we dene the Lie algebroid of a Weinstein groupoid G. One
obvious way to do it is to dene the Lie algebroid of G as the Lie algebroid of the loal
Lie groupoid Gloc. We now give an equivalent and more diret denition.
Proposition-Denition 3.4.1. Given a Weinstein groupoid G overM , there is a anon-
ially assoiated Lie algebroid A over M .
Proof. We just have to examine the seond part of the proof of Theorem 1.0.6. Choose
an étale groupoid presentation G of G and an open overing {Ml}'s as in Lemma 3.3.1.
Aording to Theorem 1.0.6, we have a loal groupoid Ul and its Lie algebroid Al over
eah Ml. Dierentiating the ϕ˜lj 's in Proposition 3.3.3, we an ahieve the algebroid iso-
morphisms T ϕ˜lj 's whih also satisfy oyle onditions. Therefore, using these data, we
an glue Al's into a vetor bundle A. Moreover, sine the T ϕ˜lj 's are Lie algebroid iso-
morphisms, we an also glue the Lie algebroid strutures. Therefore A is a Lie algebroid.
Following the same arguments as in the proof of Theorem 1.0.6, we an show
uniqueness. For a dierent presentation G′ and a dierent open overing Ml, we hoose
the renement of these two systems and will arrive at a Lie algebroid whih is glued
from a renement of both systems. Therefore this Lie algebroid is isomorphi to both
Lie algebroids onstruted from these two systems. Hene the onstrution is anonial.
In the language of staks, what we have just onstruted is atually e¯∗ ker T s¯.
As a dierential stak, kerT s¯, is presented by ker T s ×G0 G1 ⇒ ker T s for an étale
presentation G of G. Following a similar argument as for the tangent stak, the above
denition for ker T s¯ is atlas-independent. Its pull-bak to M will be a vetor bundle (in
the ategory of étale dierentiable staks) over a manifold. By denition it is an honest
vetor bundle over the manifold M . Moreover, let qi : Mi → M , then e¯ ◦ qi = ei ◦ π,
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where π : G0 → G is the projetion from atlases. Notie that TG0 = π
∗TG, hene
ker T s = π∗ ker T s¯. So we have q∗i e¯
∗ ker T s¯ = e∗i kerT s = Ai and this shows that e¯
∗ ker T s¯
is A.
Now it is easy to see that the following proposition holds:
Proposition 3.4.2. A Weinstein groupoid G has the same Lie algebroid as its assoiated
loal Lie groupoid Gloc.
Together with the Weinstein groupoid G(A) we have onstruted in Setion 3,
we are now ready to nish the proof of Theorem 1.0.2.
Theorem 1.0.2. (Lie's third theorem). To eah Weinstein groupoid one an assoiate
a Lie algebroid. For every Lie algebroid A, there are naturally two Weinstein groupoids
G(A) and H(A) with Lie algebroid A.
Proof of the seond half of Theorem 1.0.2. We take the étale presentation P of G(A) and
H(A) as we onstruted in Setion 3.1.3. Let us rst reall how we onstrut loal
groupoids from G(A) and H(A).
In our ase, the HS morphism orresponding to m¯ is
(E := t−1M (m(P ×M P ) ∩ s
−1
M (P ),m
−1 ◦ tM , sM ).
The setion σ : M → E is given by x 7→ 10x . Therefore if we hoose two small enough
open neighborhoods V ⊂ U of M in P , the bibundle representing the multipliation mV
is a setion σ′ in E over V ×M V of the map m
−1 ◦ tM .
Sine the foliation F intersets eah transversal slie only one, we an hoose
an open neighborhood O ofM inside P0A so that the leaves of the restrited foliation F|O
interset U only one. We denote the homotopy indued by F|O as ∼O and the holonomy
indued by FO by ∼
hol
O . Then there is a unique element a ∈ U suh that a ∼O a1 ⊙ a2.
Sine the soure map of Γ is étale, there exists a unique arrow g : a1 ⊙ a2 x a between
a1 ⊙ a2 and a in Γ near the identity arrows at 10x 's.
Then we an hoose the setion σ′ near σ to be
σ′ : (a1, a2) 7→ g.
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So the multipliation mV on U is
mV (a1, a2) = a(∼O a1 ⊙ a2).
Beause the leaves of F interset U only one, a has to be the unique element
in U suh that a ∼holO a1⊙a2. It is not hard to verify that both Weinstein groupoids give
the same loal Lie groupoid struture on U .
Moreover, U = O/ ∼O is exatly the loal groupoid onstruted in Setion 5
of [13℄, whih has Lie algebroid A. Therefore, G(A) and H(A) have the same loal Lie
groupoid and the same Lie algebroid A.
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Chapter 4
Appliation to integration of Jaobi
manifolds
In this hapter, we apply our Weinstein groupoids to the integration problem of
Jaobi manifolds. To do this, we will rst introdue sympleti Weinstein groupoids, whih
are the generalization of sympleti groupoids in the sense that any Poisson manifolds
(not just integrable ones) an be integrated into sympleti Weinstein groupoids.
4.1 Jaobi manifolds
A Jaobi manifold is a smooth manifold M with a bivetor eld Λ and a vetor
eld E suh that
[Λ,Λ] = 2E ∧ Λ and [Λ, E] = 0, (4.1)
where [·, ·] is the usual Shouten-Nijenhuis braket. A Jaobi struture onM is equivalent
to a loal Lie algebra struture on C∞(M) in the sense of Kirillov [22℄, with the braket
{f, g} = ♯Λ(df, dg) + fE(g) − gE(f) ∀f, g ∈ C∞(M).
We all this braket a Jaobi braket on C∞(M). It is a Lie braket satisfying the
following equation (instead of the Leibniz rule, as for Poisson brakets):
{f1f2, g} = f1{f2, g}+ f2{f1, g} − f1f2{1, g}, (4.2)
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i.e. it is a rst order dierential operator in eah of its arguments. If E = 0, (M,Λ) is a
Poisson manifold.
Reall that a ontat manifold
1
is a 2n+1-dimensional manifold equipped with
a 1-form θ suh that θ∧(dθ)n is a volume form. If (M,Λ, E) is a Jaobi manifold suh that
Λn ∧E is nowhere 0, then M is a ontat manifold with the ontat 1-form θ determined
by
ι(θ)Λ = 0, ι(E)θ = 1,
where ι is the ontration between dierential forms and vetor elds. On the other
hand, given a ontat manifold (M,θ), let E be the Reeb vetor eld of θ, i.e. the unique
vetor eld satisfying
ι(E)dθ = 0, ι(E)θ = 1.
Let µ be the map TM → T ∗M dened by µ(X) = −ι(X)dθ. Then µ is an isomorphism
between ker(θ) and ker(E), and an be extended to their exterior algebras. Let Λ =
µ−1(dθ). (Note that if ι(E)dθ = 0, then dθ an be written as α∧β and ι(E)α = ι(E)β =
0.) Then E and Λ satisfy (4.1). So a ontat manifold is always a Jaobi manifold [28℄.
Notie that in this ase the map ♯Λ : T ∗M −→ TM given by ♯Λ(X) = Λ(X, ·) and the
map µ above are inverses when restrited to ker(θ) and ker(E).
A loally onformal sympleti manifold (l..s. manifold for short) is a 2n-
dimensional manifold equipped with a non-degenerate 2-form Ω and a losed 1-form ω
suh that dΩ = ω ∧ Ω. To justify the terminology notie that loally ω = df for some
funtion f , and that the loal onformal hange Ω 7→ e−fΩ produes a sympleti form.
If (M,Λ, E) is a Jaobi manifold suh that Λn is nowhere 0, then M is a l..s. manifold:
the 2-form Ω is dened so that the orresponding map TM −→ T ∗M is the negative
inverse of ♯Λ : T ∗M −→ TM , and the 1-form is given by ω = Ω(E, ·). Conversely, if
(Ω, ω) is an l..s. struture on M , then dening E and Λ in terms of Ω and ω as above,
(4.1) will be satised.
A Jaobi manifold is always foliated by ontat and loally onformal sympleti
(l..s.) leaves [15℄. In fat, like that of a Poisson manifold, the foliation of a Jaobi
1
A related onept is the following: a ontat struture on the manifold M is a hoie of hyperplane
H ⊂ TM suh that loally H = ker(θ) for some 1-form θ satisfying θ ∧ (dθ)n 6= 0. In this thesis all
ontat strutures will be o-orientable, so that H will be the kernel of some globally dened ontat
1-form θ.
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manifold is given by the distribution of the Hamiltonian vetor elds
Xu := uE + ♯Λ(du).
The leaf through a point will be a l..s. (resp. ontat) leaf when E lies (resp. does not
lie) in the image of ♯Λ at that point.
Given a nowhere vanishing smooth funtion u on a Jaobi manifold (M,Λ, E),
a onformal hange by u denes a new Jaobi struture:
Λu = uΛ, Eu = uE + ♯Λ(du) = Xu.
We all two Jaobi strutures equivalent if they dier by a onformal hange. A onformal
Jaobi struture on a manifold is an equivalene lass of Jaobi strutures
2
. The relation
between the Jaobi brakets indued by the u-twisted and the original Jaobi strutures
is given by
{f, g}u = u
−1{uf, ug}
The relation between the Hamiltonian vetor elds is given by
Xuf = Xu·f .
A smooth map φ between Jaobi manifolds (M1,Λ1, E1) and (M2,Λ2, E2) is a Jaobi
morphism if
φ∗Λ1 = Λ2, φ∗E1 = E2,
or equivalently if φ∗(Xφ∗f ) = Xf for all funtions f on M2. Given u ∈ C
∞(M1), a
u- onformal Jaobi morphism from a Jaobi manifold (M1,Λ1, E1) to (M2,Λ2, E2) is a
Jaobi morphism from (M1, (Λ1)u, (E1)u) to (M2,Λ2, E2).
The Lie algebroid assoiated to a Jaobi manifold (M,Λ, E) is T ∗M ⊕M R [21℄,
with anhor ρ and braket [·, ·] on the spae of setions Ω1(M)× C∞(M) dened by
ρ : Ω1(M)× C∞(M) −→ χ(M)
ρ(ω1, ω0) = ♯Λ(ω1) + ω0E,
(4.3)
2
Clearly, a onformal ontat manifold is just a manifold with a oorientable ontat struture.
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and
[(ω1, ω0), (η1, η0)] =
(
L♯Λ(ω1)η1 − L♯Λ(η1)ω1 − d(Λ(ω1, η1))
+ ω0LEη1 − η0LEω1 − i(E)ω1 ∧ η1,
Λ(η1, ω1) + ♯Λ(ω1)(η0)− ♯Λ(η1)(ω0)
+ ω0E(η0)− η0E(ω0)
)
,
(4.4)
where ♯Λ : T ∗M −→ TM is the bundle map dened by 〈♯Λ(ω), η〉 = Λ(ω, η) for all
ω, η ∈ Ω1(M).
At rst sight, this seems rather ompliated, but the braket is determined by
the following two onditions:
[(ω1, 0), (η1, 0)] = ([ω1, η1]Λ, 0) − (iE(ω1 ∧ η1),Λ(ω1, η1))
[(0, 1), (ω1, 0)] = (LE(ω1), 0),
where the braket [·, ·]Λ is analogous to that for Poisson manifolds,
[ω1, η1]Λ = L♯Λω1η1 − L♯Λη1ω1 − d(Λ(ω1, η1)).
4.2 Homogeneity and Poissonization
Reall that a homogeneous sympleti manifold (M,ω,Z) is a sympleti mani-
fold with a 2-form ω and a vetor eld Z satisfying LZω = ω.
Given a ontat manifold (M,θ), we an onstrut its assoiated homogeneous
sympleti manifold (M×R, ω, ∂∂s), where ω = d(e
sπ∗θ), π is the projetionM×R −→M ,
and s is the oordinate on R. On the other hand, if we have a homogeneous sympleti
manifold of the speial form (M × R, ω, ∂∂s) suh that L ∂
∂s
ω = ω (i.e. Z generates a free
ation of R), then M has a ontat 1-form θ = i∗0ι(
∂
∂s)ω and we will have ω = d(e
sπ∗θ).
Here i0 is the embedding of M as the 0-setion of M × R. A similar onstrution exists
for Jaobi and Poisson manifold:
We all a Poisson manifold (P, Λ˜) homogeneous if there is a vetor eld Z suh
that
Λ˜ = −[Z, Λ˜].
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If Z never vanishes on P , and if π: P −→ P/Z =: M is a submersion3, then M has a
unique Jaobi struture indued by P [27℄.
Given a Jaobi manifold (M,Λ, E), we an onstrut a homogeneous Poisson
struture on M × R, by dening
Λ˜ = e−s
(
i∗Λ+
∂
∂s
∧ i∗E
)
,
where s is the oordinate on R and i∗ : TM −→ T (M ×R) is the inlusion. Here we view
TM as a bundle over M ×R using the pullbak by the projetion π : M ×R→M . The
bivetor eld Λ˜ is Poisson, i.e. [Λ˜, Λ˜] = 0, preisely when (4.1) holds for Λ and E, and it
is easy to hek that Λ˜ = −
[
∂
∂s , Λ˜
]
. So (M × R, Λ˜) is a homogeneous Poisson manifold
with vetor eld
∂
∂s .
Conversely, given a homogeneous Poisson manifold (M × R, Λ˜) satisfying
Λ˜ = −
[
∂
∂s
, Λ˜
]
,
M inherits a unique Jaobi struture
Λ = π∗(e
sΛ˜), E = ♯(esΛ˜)(ds).
The ondition (4.1) for (M,Λ, E) to be a Jaobi manifold is exatly equivalent to [Λ˜, Λ˜] =
0. Thus we have the following lemma:
Lemma 4.2.1. There is a one-to-one orrespondene between Jaobi strutures on M
and homogeneous Poisson strutures on M × R with homogeneous vetor eld ∂∂s .
Moreover, restriting this proedure to ontat manifolds, there is a one-to-one
orrespondene between ontat strutures on M and homogeneous sympleti strutures
on M × R with homogeneous vetor eld ∂∂s .
Remark 4.2.2. Expliitly, the relation between Λ˜ and (Λ, E) is the following:
Λ˜(ω1 + ω0ds, η1 + η0ds) = e
−s(Λ(ω1, η1) + ω0E(η1)− η0E(ω1)). (4.5)
Here, at every point of M × R, we view ω1, η1 as 1-forms on M and ω0, η0 as funtions
on M after xing s.
3
By P/Z, we mean the quotient of P by the ow generated by Z.
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4.3 Sympleti (resp. ontat) Weinstein groupoids
The assoiated Lie algebroid of a Poisson manifold P is T ∗P . Therefore we an
assoiate to P two sympleti Weinstein groupoids Γms (P ) and Γ
h
s (P ), whih are G(T
∗P )
and H(T ∗P ) respetively. We will dene what a sympleti Weinstein groupoid is. They
are alled sympleti Weinstein groupoids beause, when P is integrable, Γhs (P ) whih is
the same as the orbit spae of Γms (P ) is the soure-simply onneted sympleti groupoid
integrating P . Similarly, to a Jaobi manifold M we assoiate two Weinstein groupoids
Γmc (M) and Γ
h
c (M) dened as G(T
∗M ⊕ R) and H(T ∗M ⊕ R) respetively. In the next
setion, we will try to make them into ontat Weinstein groupoids.
Let X be a stak over C. Then a sheaf of dierential k-forms Fk is dened
as follows: for every x ∈ X over U ∈ C, F(x) = Ωk(U). It is a ontravariant funtor: for
every arrow y → x over f : V → U , there is a map Ωk(U)→ Ωk(V ) dened by pull bak
via f . It is moreover a sheaf over X . As for the denition of sheaves over staks and the
proof, we refer to [6℄ sine we will not use this later in this thesis. Then a dierential
k-form ω on X a map that assoiates an element x ∈ X over U a setion ω(x) ∈ Ωk(U)
suh that the following ompatibility ondition holds: if there is an arrow y → x over
f : V → U , then ω(x) is the pull bak of ω(y) via Fk(f). Notie that aording to the
above denition, the 0-forms on X are simply morphisms of staks from X to R.
Lemma 4.3.1. When X is a étale dierentiable stak, let G be an étale groupoid pre-
sentation. Then there is a 1-1 orrespondene between dierential forms on X and G
invariant forms on G0.
Proof. A G invariant k-form ω on G0 denes a dierential form on X in the following
way: given a right G-prinipal bundle π : P → U with moment map J : P → G0, the
pull bak form J∗ω is G invariant on P , therefore it indues a k-form π∗J
∗ω on U and
this is what P assoiates to via ω. Notie here we use the fat that π is étale to show that
G-invariant form is a basi form. On the other hand, given any k-form ω on X , onsider
s : G1 → G0 as a right G-prinipal bundle. Then ω(G1) is a k-form on G0. Notie that
g· : G1 → G1 is a morphism of G-prinipal bundles. Using the ompatibility ondition of
ω, we an see that ω(G1) is G-invariant.
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Use this orrespondene in the speial ase of étale dierentiable staks, we an
make the following denitions:
Denition 4.3.2 (sympleti (resp. ontat) forms on étale dierentiable
staks). A sympleti (resp. ontat) form on an étale dierentiable stak X is a G
invariant sympleti (resp. ontat) form on G0, where G is an étale presentation of X .
Proposition-Denition 4.3.3 (pull bak of forms on staks). Let φ : Y → X be a
map between staks and ω a form on X . Then φ∗ω is a form on Y dened by assoiating
y ∈ Y to ω(φ(y)).
Proof. It is not hard to verify the ompatibility ondition for φ∗ω.
Remark 4.3.4. Using Lemma 4.3.1, it is not hard to see that pull baks of forms on étale
dierentiable staks orresponds to the ordinary pull baks on the étale atlases.
Denition 4.3.5 (sympleti Weinstein groupoids). A Weinstein groupoid G over
a manifold M is a sympleti Weinstein groupoid if there is a sympleti form ω on G
satisfying the following multipliative ondition:
m¯∗ω = pr∗1ω + pr
∗
2ω,
on G ×s¯,M,t¯ G, where pri is the projetion onto the i-th fator.
Denition 4.3.6 (ontat Weinstein groupoids). A Weinstein groupoid G over a
manifoldM is a ontat Weinstein groupoid if there are a ontat 1-form θ and a funtion
f , suh that the following twisted multipliative ondition hold on G ×s¯,M,t¯ G:
m¯∗θ = pr∗2f · pr
∗
1θ + pr
∗
2θ.
Remark 4.3.7. When the Weinstein groupoid G is a Lie groupoid, the above denitions
oinide with the denitions of sympleti groupoids and ontat groupoids [21℄ respe-
tively.
Theorem 4.3.8. Let N be a Poisson manifold. Then Γms (N) and Γ
h
s (N) are sympleti
Weinstein groupoids over N .
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Proof. We prove it for Γms (N) and the proof for Γ
h
s (N) is similar. Let ωc be the anonial
sympleti form on T ∗M . Then aording to [10℄, ωc indues a sympleti form on the
path spae PT ∗M . This sympleti form restrited to PaT
∗M has kernel exatly the
tangent spae of the foliation F and invariant along the foliation. Consider the étale
presentation Γ⇒ P of Γms (N). P is the transversal of the foliation F , hene the restrited
form is a Γ-invariant sympleti form. This form indues a sympleti form ω on Γms (N).
The multipliativity of ω follows from the additivity of the integrals after examining the
denition of ωc.
Remark 4.3.9. We an not extend the proof to the ontat ase. The obstrution is that
the ontat 1-form θc+ ds on T
∗M ⊕R an not indue a ontat form on the path spae
PT ∗M⊕R, where M is a Jaobi manifold. That is why we still need the following results
about the relations between Γms (M ×R) and Γ
m
s (M) (resp. Γ
h
s (M × R) and Γ
h
s (M)).
4.4 An integration theorem
Denition 4.4.1. A multipliative funtion r on a Weinstein groupoid G is a smooth
funtion r : G → R suh that
r ◦ m¯ = r ◦ pr1 + r ◦ pr2,
where pri is the i-th projetion G ×s,t G → G.
Proposition-Denition 4.4.2. Given a multipliative funtion r on a Weinstein groupoid
G, one an form a new Weinstein groupoid G ×r R over M ×R whih is G ×R as a stak
and has the following groupoid struture:
s¯ = (s¯ ◦ prG , prR), t¯ =(t¯ ◦ prG , prR − r ◦ prR),
e¯ = (e¯, id), i¯ = (¯i, id− r ◦ pr1),
m¯ =(m¯ ◦ (pr1G × pr
2
G), pr
2
R
)
where priG (or pr
i
R
) is the projetion from (G ×r R)×M×R (G ×r R) onto the i-th opy of
G (or R).
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Proof. The multipliativity of r and the 2-assoiativity of the multipliation on G imply
property (3) in the denition of Weinstein groupoid. It is routine to hek that the other
properties also hold.
Theorem 4.4.3. Let M be a Jaobi manifold, M × R its Poissonization. Then
i) there are two well-dened multipliative funtions rm and rh on Γ
m
c (M) and Γ
h
c (M)
respetively, suh that
Γms (M × R)
∼= Γmc (M)×rm R, Γ
h
s (M ×R)
∼= Γhc (M)×rh R,
as Weinstein groupoids;
ii) M is integrable as a Jaobi manifold i M ×R is integrable as a Poisson manifold.
Before proving this, we introdue a useful lemma.
Lemma 4.4.4. Let a˜(t) be an A-path over γ˜ in T ∗(M × R). Let s be the oordinate on
R. We an deompose a˜(t) = a˜1(t)+ a˜0(t)ds and γ˜ = (γ1, γ0). Here a˜1(t) is the part that
does not ontain ds; γ1 and γ0 are paths in M and R respetively. Let
ai(t) = e
−γ0(t)a˜i(t), (i = 0, 1). (4.6)
Then (a1(t), a0(t)) will be an A-path over γ1(t) in T
∗M ⊕M R.
Conversely, if (a1(t), a0(t)) is an A-path over γ1(t) in T
∗M ⊕M R and s is any
real number, let
a˜i(t) = e
γ0(t)ai(t),
γ0(t) = −
∫ t
0
ι(E)a1(t)dt+ s.
(4.7)
Then a˜1(t) + a˜0(t)ds will be an A-path over (γ1(t), γ0(t)) in T
∗(M ×R). In other words,
there is a 1-1 orrespondene:
Pa(T
∗(M × R))
φa
−→ Pa(T
∗M ⊕M R)× R
a˜1 + a˜0ds 7−→ ((a1, a0), γ0(0)).
Furthermore, this orrespondene extends to the level of homotopies of A-paths
a˜(ǫ, t) 7→ (a(ǫ, t), γ0(ǫ, 0) = γ0(0, 0)).
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Proof. a˜(t) being an A-path is equivalent to saying that
ρ(a˜) =
d
dt
γ˜(t) =
d
dt
γ1 +
d
dt
γ0
∂
∂s
. (4.8)
By (4.5),
ρ˜(ω1 + ω0ds) = ♯Λ˜(ω1 + ω0ds)
= e−s
(
ρ(ω1, ω0)− E(ω1)
∂
∂s
)
.
(4.9)
So (4.8) is equivalent to
e−γ0
(
ρ(a˜1, a˜0)− a˜1(E)
∂
∂s
)
=
d
dt
γ1 +
(
d
dt
γ0
)
∂
∂s
. (4.10)
Given that a˜i(t) = e
−γ0(t)ai(t), this is equivalent to


eγ0(t) = eγ0(0) −
∫ t
0 ι(E)a˜1(t)dt or γ0(t) = γ0(0)−
∫ t
0 ι(E)a1(t)dt,
ρ(a1, a0) =
d
dtγ1,
whih shows that (a1(t), a0(t)) is an A-path over γ1 in T
∗M ⊕M R.
On the other hand, if (a1(t), a0(t)) is an A-path, reversing the above reasoning
shows that a˜1(t) + a˜0(t)ds will be an A-path too.
We use Proposition-Denition 3.1.4, to see that the 1-1 orrespondene preserves
the equivalene lasses, let a˜(ǫ, t) be a family of A-paths suh that the solution of
∂tb˜(ǫ, t)− ∂ǫa˜(ǫ, t) = T∇˜(a˜, b˜), b˜(ǫ, 0) = 0, (4.11)
satises b˜(ǫ, 1) = 0. Here ∇˜ is the produt of a onnetion ∇ on M and the trivial
onnetion on R. Straightforward alulation shows that
esT∇˜(a˜, b˜) =
(
T∇(a˜, b˜)
)
1
+ a˜1(E)b˜1 − b˜1(E)a˜1
+
(
−Λ(a˜1, b˜1)− a˜0b˜1(E) + b˜0a˜1(E)
)
ds.
(4.12)
Here b˜ = b˜1 + b˜0ds and T∇(a˜, b˜) =
(
T∇(a˜, b˜)
)
1
+
(
T∇(a˜, b˜)
)
0
ds. So (4.11) is equivalent
to 

∂tb˜1 − ∂ǫa˜1 = e
−s
((
T∇(a˜, b˜)
)
1
+ a˜1(E)b˜1 − b˜1(E)a˜1
)
,
∂tb˜0 − ∂ǫa˜0 = e
−s
(
−Λ(a˜1, b˜1)− a˜0b˜1(E) + b˜0a˜1(E)
)
.
(4.13)
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On the other hand, a(0, t) ∼ a(1, t) i there is a family of A-paths a(ǫ, t) suh that the
solution of
∂tb− ∂ǫa = T∇(a, b), b(ǫ, 0) = 0 (4.14)
satises b(ǫ, 1) = 0.
Let bi(ǫ, t) = b˜i(ǫ, t)e
−γ0(ǫ,t)
and b = (b1, b0). Then (4.11) implies (4.14), and
b(ǫ, 1) = 0.
Let
b˜i(ǫ, t) = bi(ǫ, t)e
γ0(ǫ,t),
where γ0(ǫ, t) = −
∫ ǫ
0 ι(E)b1(ǫ, t)dǫ − ι(E)
∫ t
0 a1(0, t)dt + γ0(0, 0). Then (4.14) implies
(4.11) and b˜i(ǫ, 1) = 0.
So a˜(0, t) ∼ a˜(1, t) if and only if a(0, t) ∼ a(1, t).
Now we are ready to prove the theorem.
Proof of Theorem 4.4.3. We adapt the notation of Lemma 4.4.4. Write an A0-path a of
T ∗M ⊕R as (a1, a0). Let r(a) = −
∫ 1
0 ι(E)a1(t)dt be a funtion on P0(T
∗M ⊕R). From
the alulation in Lemma 4.4.4, −
∫ 1
0 ι(E)a1(t)dt = γ0(1) − γ0(0). Sine the base paths
of equivalent A0-paths all have the same end points, −
∫ 1
0 ι(E)a1(t)dt does not depend
on the hoie of (a1, a0) within an equivalene lass. Therefore r(a) is invariant under
the ation of the monodromy groupoid of P0(T
∗M ⊕ R). By Lemma 2.5.6, we obtain a
smooth map rm on Γ
m
c (M). Moreover, by the denition of r,
r ◦m− r ◦ pr1 − r ◦ pr2 = 0, on P0(T
∗M ⊕ R)×M P0(T
∗M ⊕ R).
This means that
rm ◦ m¯− rm ◦ pr1 − rm ◦ pr2 = 0,
on the level of staks sine this funtion omposed with π : P0(T
∗M ⊕R)×M P0(T
∗M ⊕
R)→ Γmc (M)×M Γ
m
c (M) is r ◦m− r ◦ pr1 − r ◦ pr2 = 0. Hene rm is multipliative.
Lemma 4.4.4 gives the orrespondene between P0(T
∗M ⊕R)×R with foliation
F × R and P0(T
∗(M × R) with foliation F , where F is the foliation we dened on any
A0-path spaes in Setion 3.1.3. Moreover, the ondition γ0(ǫ, 0) = γ0(0, 0) tells us that
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the monodromy groupoid of the foliation F×R on P0(T
∗M⊕R)×R splits into a produt
of two groupoids: MonF (P0(T
∗M ⊕ R)) and R⇒ R. On the level of staks, we have
Γmc (M)× R
∼= Γms (M × R).
The groupoid struture of the right hand side arries over to the left hand side and we
obtain exatly Γmc (M)×r R by the alulation below,
s¯
(
[a˜1 + a˜0ds]
)
=
(
γ1(0), γ0(0)
)
=
(
s¯([(a1, a0)]), γ0(0)
)
,
and
t¯
(
[a˜1 + a˜0ds]
)
=
(
γ1(1), γ0(1)
)
=
(
t¯([(a1, a0)]), γ0(0)−
∫ 1
0
ι(E)a1(t)dt
)
.
The same argument applies to Γhc (M). By Theorem 1.0.5, M is integrable i
Γhc (M) is representable, so (iii) follows easily.
4.5 Contat groupoids and Jaobi manifolds
Due to lak of knowledge on dierentiable staks, we will only present the on-
strution of ontat groupoids in the integrable ase and leave the rest as a onjuture,
whih will be straight forward to arry out when people know more about dierentiable
staks. In this setion, we assume that Γhc (M) is representable (i.e. M is integrable)
explore the geometri strutures on Γhc (M).
Let us rst reall:
Denition 4.5.1. A ontat groupoid [21℄ is a Lie groupoid Γ
s
⇒
t
Γ0 equipped with a
ontat 1-form θ and a smooth funtion f , suh that on the spae of multipliable pairs
Γ2 we have
m∗θ = pr∗2f · pr
∗
1θ + pr
∗
2θ, (4.15)
where prj is the projetion from Γ2 ⊂ Γ× Γ onto the j-th fator.
Remark 4.5.2. Contat groupoids an also dened without refering to a 1-form but just
ontat strutures. We refer the readers to [40℄ for a detailed presentation of the denition
and the relation between the two denitions.
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Remark 4.5.3. If Γ is a Lie groupoid and θ is a 1-form suh that (Γ, θ, f) is a ontat
groupoid for some funtion f , then f is unique. If f1 and f2 are two suh funtions, then
by (4.15),
pr∗2(f1 − f2)pr
∗
1θ = 0.
So (f1(y) − f2(y))θ(x) = 0 if t(y) = s(x). Sine θ is nowhere 0, f1(y) = f2(y) for all
y ∈ Γ.
It is known that given a ontat groupoid (Γ
s
⇒
t
M,θ, f), the manifold M of
units is a Legendrian submanifold of Γ and there is a unique Jaobi struture on M so
that s is a Jaobi morphism. Then t is a −f onformal Jaobi morphism and the Lie
algebroid of Γ is isomorphi to T ∗M ⊕M Rthe Lie algebroid assoiated to M [21℄. In
this ase, we all Γ the ontat groupoid of the Jaobi manifold M .
Theorem 4.5.4. For an integrable Jaobi manifold M , Γhc (M) is the unique soure-
simply onneted ontat groupoid over M suh that s is a Jaobi map.
From now on in this setion, we assume the integrability of M . Let us rst
prove some propositions and lemmas.
Proposition 4.5.5. The groupoid Γhc (M) × R
s¯
⇒
t¯
M × R, with the sympleti form ω
indued by the isomorphism Γhs (M × R)
∼= Γhc (M) × R, is a homogeneous sympleti
groupoid with vetor eld − ∂∂s .
Proof. We only have to show that L− ∂
∂s
ω = ω. For any u ∈ R, let
φu : M × R −→M × R, (p, s) 7→ (p, s+ u),
Φu : Γ
h
c (M)× R −→ Γ
h
c (M)× R, ([(a1, a0)], s) 7→ ([(a1, a0)], s + u) .
Then Φu is an automorphism of the groupoid Γ
h
c (M)×R and we have the ommutative
diagram
Γhc (M)× R
Φu−→ Γhc (M)× R
s¯↓↓ t¯ s¯↓↓ t¯
M × R
φu
−→ M × R.
Let (Γ × R) be the soure-simply onneted groupoid of (M × R, Λ˜). Then
(Γhc (M) × R, e
−uω) is the soure-simply onneted groupoid of (M × R, euΛ˜). Sine φu
63
is an isomorphism between the Poisson manifolds (M × R, Λ˜) and (M × R, euΛ˜), by
the uniqueness of the sympleti groupoid, Φu must be an isomorphism of sympleti
groupoids, i.e. the following diagram ommutes:
(Γhc (M)× R, ω)
Φu−→ (Γhc (M)× R, e
−uω)
s¯↓↓ t¯ s¯↓↓ t¯
(M × R,Λ)
φu
−→ (M × R, euΛ).
Sine Φu is the ow generated by the vetor eld
∂
∂s , and φ
∗
uω = e
−uω, we immediately
have L
− ∂
∂s
ω = ω.
Remark 4.5.6. By the explanation in Setion 4.2, there is a ontat 1-form θ = −i∗0ι(
∂
∂s)ω
on Γhc (M) and ω has the form ω = d(e
−sπ∗θ).
Proposition 4.5.7. The groupoid (Γhc (M) × R, ω), with the indued groupoid struture
given in Theorem 4.4.3, is a sympleti groupoid over M × R with ω = d(e−sπ∗θ) i
(Γhc (M), θ, e
−c) is a ontat groupoid over M , where π : Γhc (M) × R −→ Γ
h
c (M) is the
projetion.
Proof. Before, we didn't distinguish struture maps on Weinstein groupoids. For larity,
we use the following notations only for the proof of this proposition: for Γhc (M) × R,
suppose that
m˜ : Γ˜2 := {((x
′, s′), (x, s)) : t¯((x′, s′)) = s¯((x, s))} −→ Γhc (M)× R
is the multipliation and p˜r1, p˜r2: Γ˜2 −→ Γ
h
c (M) × R are the projetions onto the rst
and seond omponents respetively.
Similarly, for Γ(M), suppose that m: Γ2 := {(x
′, x) : t¯(x′) = s¯(x)} −→ Γhc (M)
is the multipliation and pr1, pr2: Γ2 −→ Γ
h
c (M) are the projetions onto the rst and
seond omponents respetively.
Given ω = d(e−sπ∗θ) = e−sd(π∗θ)− e−sds ∧ π∗θ, we only have to establish the
equivalene between the two equations:
m˜∗ω = p˜r∗1ω + p˜r
∗
2ω (4.16)
and
m∗θ = pr∗2(e
−c) pr∗1 θ + pr
∗
2 θ. (4.17)
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Note that
Γ˜2 = {((x
′, s′), (x, s)) : (x′, x) ∈ Γ2, s+ c(x) = s
′},
so Γ˜2 ∼= Γ2 ×R by (x
′, x, s) 7→ ((x′, s + c(x)), (x, s)). Let π2 : Γ˜2 ∼= Γ2 ×R −→ Γ2 be the
projetion. Then π ◦ m˜ = m ◦π2, π ◦ p˜r1 = pr1 ◦π2, and π ◦ p˜r2 = pr2 ◦π2. Let s2 be the
oordinate on R in Γ2 ×R. Then s ◦ m˜ = s2, s ◦ p˜r1 = s2 + c ◦ π ◦ p˜r2, and s ◦ p˜r2 = s2.
So, (4.16) implies
(e−s ◦ m˜) · d(m˜∗π∗θ)
− (e−s ◦ p˜r1) · d(p˜r
∗
1π
∗θ)− (e−s ◦ p˜r2) · d(p˜r
∗
2π
∗θ)
= (e−s ◦ m˜) · d(s ◦ m˜) ∧ (m˜∗π∗)θ
− (e−s ◦ p˜r1) · d(s ◦ pr1) ∧ p˜r
∗
1π
∗θ − (e−s ◦ p˜r2) · d(s ◦ pr2) ∧ p˜r
∗
2π
∗θ,
whih implies
e−s2d(π∗2m
∗θ)
− e−s2−c◦pr2◦π2d(π∗2pr
∗
1θ)− e
−s2d(π∗2pr
∗
2θ)
= e−s2ds2 ∧ (π
∗
2m
∗θ)
− e−s2−c◦pr2◦π2d(s2 + c ◦ pr2 ◦ π2) ∧ (π
∗
2pr
∗
1θ)− e
−s2ds2 ∧ (π
∗
2pr
∗
2θ).
Looking at the part that ontains ds2, we have
e−s2ds2 ∧ (π
∗
2m
∗θ − e−c◦pr2◦π2π∗2pr
∗
1θ − π
∗
2pr
∗
2θ) = 0,
so
π∗2
(
m∗θ − pr∗2(e
−c)pr∗1θ − pr
∗
2θ
)
= 0.
Sine π∗2 is injetive, we have
m∗θ = pr∗2(e
−c)pr∗1θ + pr
∗
2θ.
On the other hand, (4.17) implies
d
(
e−s2π∗2m
∗θ
)
= d
(
e−s2π∗2(pr
∗
2θ + pr
∗
2(e
−c)pr∗1θ)
)
,
whih implies
d
(
m˜∗(e−sπ∗θ)
)
= d
(
p˜r∗1(e
−sπ∗θ) + p˜r∗2(e
−sπ∗θ)
)
,
65
so
m˜∗ω = p˜r∗1ω + p˜r
∗
2ω.
Remark 4.5.8. This Proposition only tells us that Γhc (M) is a ontat groupoid and that
it integrates T ∗M ⊕R. To see whether it is the ontat groupoid of M , we have to hek
that it indues the same Jaobi struture on M as the one we started with. To see this,
we only have to hek that s is a Jaobi map, sine s together with the ontat struture
on Γhc (M) determines the Jaobi struture on M .
Lemma 4.5.9. With the same notation as in Proposition 4.5.7, let us ompare the two
soure maps:
s¯ : Γhs (M × R)→M × R, s¯ : Γ
h
c (M)→M.
Λωand Λ˜ are s¯related i Λθ and Λ, Eθ and E are s¯related. Here Λω is the Poisson
bivetor orresponding to ω and (Λθ, Eθ) is the orresponding Jaobi struture of θ.
Proof. Sine Γhc (M) × R is the homogeneous sympleti manifold of Γ
h
c (M), Λω =
e−s(iΓ∗Λθ +
∂
∂s ∧ iΓ∗Eθ), where (iΓ)∗ is dened analogously to i∗. Considering the dier-
ene of the two bivetor elds at point (x, s) ∈ Γhc (M)× R, we have
∧2 T(x,s)s¯Λω(x, s)− Λ˜ (s¯(x, s))
= e−s
(
∧2T(x,s)s¯(iΓ∗Λθ)(x, s) +
∂
∂s
∧ T(x,s)s¯(iΓ∗Eθ)(x, s)
)
− e−s
(
i∗Λ+
∂
∂s
∧ i∗E
)
(s¯(x), s)
= e−s
(
i∗(∧
2Txs¯Λθ − Λ)(s¯(x), s) +
∂
∂s
∧ i∗(Txs¯Eθ − E)(s¯(x), s)
)
= e−s
(
(∧2Txs¯Λθ(x)− Λ(s¯(x)), 0, 0) +
∂
∂s
∧ ((Txs¯Eθ −E)(s¯(x)), 0)
)
.
Sine ∧2TxsΛθ(x)− Λ(x) is a bivetor eld whih does not ontain
∂
∂s , we have
s¯∗(Λω)− Λ˜ = 0 i s∗Λθ − Λ = s∗Eθ − E = 0.
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So by Proposition 4.5.7 and Lemma 4.5.9, we have
Proposition 4.5.10. The sympleti groupoid (Γhc (M) × R, ω,
∂
∂s) is the homogeneous
sympleti groupoid of (M ×R, Λ˜) i (Γhc (M), θ, e
−c) is a ontat groupoid of (M,Λ, E).
Proof of Theorem 4.5.4. By Theorem 4.4.3, we see that Γhc (M) is smooth if and only if
Γhs (M × R) is smooth. So a Jaobi manifold M is integrable if and only if its homoge-
neous Poisson manifold is integrable. By Proposition 4.5.5, the homogeneous sympleti
groupoid (Γhc (M)×R, ω,
∂
∂s) is the unique soure-simply onneted sympleti groupoid
of (M × R, Λ˜). So (Γhc (M), θ, e
−c) is a ontat groupoid of (M,Λ, E) by Proposition
4.5.10. Sine s
−1(x) × s = s¯−1(x, s), it is lear that Γhc (M) being s¯-simply onneted is
equivalent to Γhs (M) being s¯-simply onneted. Moreover, by our onstrution, Γ
h
c (M)
integrates T ∗M ⊕M R.
So we only need to show uniqueness. If there is another 1-form θ1 and another
funtion f1 that makes (Γ
h
c (M), θ1, f1)
s
⇒
t
M into a ontat groupoid of (M,Γ, E), then
by uniqueness of the soure-simply onneted sympleti groupoid over (M × R, Λ˜), we
must have an automorphism F˜ of Γhc (M)×R that preserves its struture as a sympleti
groupoid. Sine s¯(F˜ (x, s)) = s¯(x, s) = (s¯(x), s), F˜ must preserve the R-omponent; i.e.
F˜ (x, s) = (F (x), s) where F is an automorphism of Γhc (M) with F ◦ π = π ◦ F˜ . Then we
have
F˜ ∗d(e−sπ∗θ1) = d(e
−sπ∗θ),
whih implies
d(e−sπ∗F ∗θ1) = d(e
−sπ∗θ),
so
e−sd(π∗(F ∗θ1 − θ))− e
−sds ∧ π∗(F ∗θ1 − θ) = 0.
Sine d(π∗(F ∗θ1 − θ)) does not ontain ds and π
∗
is injetive, we must have F ∗θ1 = θ.
By uniqueness of f , f1 = F
∗e−c. This implies that F is an isomorphism preserving the
ontat groupoid struture.
Combining Theorem 4.4.3 and Theorem 4.5.4, we have proved Theorem 1.0.8
from the introdution.
67
Chapter 5
A Further appliationPoisson
manifolds from the Jaobi point of
view
In this hapter, we always assume that (M,Λ) is a Poisson manifold, Γs(M)
the orbit spae of Γms (M × R) (or
1 Γhs (M × R)) and Γc(M) the orbit spae of Γ
m
c (M)
(or Γhc (M)). When Γs(M) is a smooth manifold, it beomes the soure-simply onneted
sympleti groupoid of M . Similarly, when Γc(M) is a smooth manifold, it is the soure-
simply onneted ontat groupoid of M . We will study the integrability of Poisson
bivetors by viewing a Poisson manifold M as a Jaobi one. Moreover we will study the
relation between the integrability of M as a Poisson manifold and that as a Jaobi one.
Finally, we will apply the above theory to the prequantization of sympleti groupoids.
5.1 Poisson bivetors
5.1.1 Relation between Γs(M) and Γc(M) via the Poisson bivetor
When the Poisson bivetor Λ is integrable as a Lie algebroid 2-oyle on T ∗M ,
the two groupoids Γs(M) and Γc(M) are related through Λ. To study the relation
1
Aording to Theorem 1.0.7, these two groupoids have the same orbit spae.
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between the two groupoids, we begin with a short exat sequene ontaining their Lie
algebroids:
0 −→ R −→ T ∗M ⊕M R
π
−→ T ∗M −→ 0.
Here, the Lie braket on T ∗M⊕M R is the one indued by the Jaobi struture (M,Λ, 0),
i.e. for all (a, u), (b, v) ∈ Ω1(M)× C∞(M),
[(a, u), (b, v)] = ([a, b],Λ(a, b) + ♯Λ(a)(v) − ♯Λ(b)(u)) , (5.1)
and the natural projetion π is a Lie algebroid morphism.
Proposition 5.1.1. If the sympleti groupoid (Γs(M),Ω) has soure bre with trivial
seond homology group, then M is also integrable as a Jaobi manifold. Moreover, the
ontat groupoid Γc(M) is isomorphi as a groupoid to the twisted semi-diret produt
Lie groupoid Γs(M)⋉c R for some Lie groupoid 2-oyle c ∈ C
2(Γs(M),R).
Proof. Let us rst reall some general results about the ohomology of Lie algebroids and
Lie groupoids.
1. In general, for any losed ω ∈ C2(A,R), we an onstrut a Lie algebroid
struture on the diret sum A⊕ R [29℄. For all X,Y ∈ A and x, y ∈ R, the new braket
is dened by
[(X,x), (Y, y)] = ([X,Y ]A, ω(X,Y ) + Lρ(X)y −Lρ(Y )x).
It is a Lie braket exatly beause ω is losed. The new anhor is the omposition of
the anhor of A and the natural projetion from A ⊕ R onto A. We denote this Lie
algebroid by A ⋉ω R. It turns out that the isomorphism lass of A ⋉ω R only depends
on the ohomology lass of ω in H2(A,R), i.e. if ω1 and ω2 dier by an exat form, then
A⋉ω1 R and A⋉ω2 R are isomorphi as Lie algebroids.
2. Conversely, a short exat sequene of Lie algebroids over a ertain manifold
M ,
0 −→ R −→ A˜
π
−→ A −→ 0 (5.2)
gives [29℄ an element in the Lie algebroid ohomology H2(A,R) in the following way:
pik any splitting of (5.2) of vetor bundles σ : A −→ A˜. For all X,Y ∈ A, let
ω(X,Y ) = [σ(X), σ(Y )]A˜ − σ([X,Y ]A).
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The image of ω lies in the kernel of π. So, we an view ω as a real-valued 2-form in
C2(A,R). Furthermore, ω is losed beause the brakets on A and A˜ are Lie brakets.
In fat, it is not hard to see that A˜ is isomorphi to A⋉ω R as a Lie algebroid. Dierent
hoies of splitting won't hange the ohomology lass of ω. Combining this with result
1, we an see that the Lie algebroid strutures of A˜ that make (5.2) into a short exat
sequene of Lie algebroids are haraterized by H2(A,R).
3. Suppose A an be integrated into a soure-simply onneted Lie groupoid G.
IfG has soure bres with trivial seond homology group, then by Theorem 4 in [11℄, ω an
be integrated into a 2-oyle c on the groupoid G. So, A⋉ωR is automatially integrable
and its unique soure-simply onneted Lie groupoid is G⋉cR, with multipliation given
by
(g, x) · (h, y) = (gh, x+ y + c(g, h)).
The proof of the theorem is now straightforward. Notie that Λ ∈ ∧2TM is
losed in the Lie algebroid omplex (Cn(T ∗M,R), dΛ). Have a loser look at (5.1), then
we an see that T ∗M ⊕M R ∼= T
∗M ⋉ΛR. Therefore, under the onditions stated in this
theorem, T ∗M ⊕M R is integrable and the ontat groupoid integrating it is Γs(M)⋉cR
for some losed 2-oyle c integrating Λ.
Remark 5.1.2. In this ase, the sympleti form on Γs(M) is exat, and Γc(M) devided
by some suitable Z-ation will be the pre-quantization of Γs(M). Please refer to the
subsetion 6.3 for details.
5.1.2 General asewithout assuming integrability
When exatly will Λ be integrable? To answer this question, we should look
more arefully into the ontat groupoid Γc(M). There is a natural projetion pr :
Γc(M) −→ Γs(M), by [(a1, a0)] 7→ [a1]. It is well-dened beause if (a1, a0) is an A-path
of T ∗M ⊕M R, a1 is also an A-path of T
∗M . So there is a short exat sequene of
groupoids,
1 −→ Σ −→ Γc(M)
π
−→ Γs(M) −→ 1. (5.3)
In fat, R ats on Γc(M) by
s · [a1, a0] = [a1, a0 + s].
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It is well dened beause we use only dierentiation in dening ∼. Therefore
(a1(1, t), a0(1, t)) ∼ (a1(0, t), a0(0, t))
is equivalent to
(a1(1, t), a0(1, t) + s) ∼ (a1(0, t), a0(0, t) + s).
However, this ation is not always free. When it is free, Σ will simply be the trivial
groupoid R × M over M and Γc(M) will be isomorphi to Γs(M) × R as in the last
theorem. It turns out that Σ is losely related to the monodromy groups of the two Lie
algebroids.
Let us rst reall some fats from [13℄ and [12℄ about monodromy groups.
Denition 5.1.3. [13℄ Let A be a Lie algebroid over X with anhor ρ and gx(A) the
isotropy Lie algebra kerx(ρ). The monodromy group Nx(A) of A at a point x ∈ X onsists
of those elements in the enter of gx whih, as onstant A-paths, are homotopi to the
trivial A-path 0x.
Let L ⊂ X be a leaf through the point x ∈ X and Σ(gx(A)) the Lie group
integrating gx(A). Then there is a homomorphism ∂ : π2(L, x) → Σ(gx) dened as
follows [13℄: let [γ] ∈ π2(L, x) be represented by a smooth map γ : I×I → L whih maps
the boundary into x. One an always hoose A-paths a(ǫ, ·) and A-paths b(·, t) over γ
in A|L satisfying (3.1.4) and the boundary onditions a(0, t) = b(ǫ, 0) = b(ǫ, 1) = 0. For
example, we an ask that b(ǫ, t) = σ( ddǫγ(ǫ, t)) where σ : TL→ A|L is any splitting of the
anhor, and take a to be the unique solution of (3.1.4) with initial ondition a(0, t) = 0.
Sine γ(1, t) is the onstant path 0x, a(1, t) must lie in gx(A) entirely. As a path in the
Lie algebra gx(A), a(1, t) an be integrated into a path g(1, t) in Σ(gx) [18℄ or [13℄. Then
∂([γ]) is dened as ∂([γ]) = g(1, 1).
The map ∂ ts into the exat sequene:
π2(L, x)
∂
−→ Σ(gx(A)) −→ Σ(A)x −→ π1(L, x), (5.4)
where Σ(A)x := s
−1(x)∩t−1(x). The map from Σ(gx(A)) to Σ(A)x is dened by mapping
eah equivalene lass [a] in Σ(gx(A)) to the equivalene lass [a] in Σ(A). Sine every
two A-paths equivalent as A-paths in gx(A) must be equivalent as A-paths in A, this
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map is well dened. The map from Σ(A)x to π1(L, x) is simply dened by sending the
equivalene lasses of A-paths to the equivalene lasses of their base paths.
The image of ∂ in Σ(gx) is dened as N˜x(A) by Craini and Fernandes in
[13℄; it is losely related to Nx. Atually, N˜x(A) is a subgroup of Z(Σ(gx(A)))the
enter of Σ(gx(A)), and it intersetion with the onneted omponent of the identity of
Z(Σ(gx(A))) is isomorphi to Nx(A) by the exponential map on the Lie algebra gx.
Returning to our ase, where (M,Λ) is a Poisson manifold, the two Lie algebroids
T ∗M and T ∗M ⊕M R indue the same leaves on M , namely the sympleti leaves of M .
On a leaf L through a point x ∈ M , let ωL be the sympleti form indued by Λ, and
∂c and ∂s the homomorphisms from π2(L, x) to Σ(gx(T
∗M)) and Σ(gx(T
∗M ⊕M R))
respetively. Dene the group
Per0(ωL) := {
∫
γ
ωL : [γ] ∈ π2(L, x) and ∂sγ = 1x}.
It is a subgroup of the period group of ωL
Per(ωL) := {
∫
γ
ωL : [γ] ∈ π2(L, x)}.
In general, even without assuming the integrability of T ∗M or T ∗M ⊕M R, we
have the following theorem:
Theorem 5.1.4. Let pr be the projetion from Γc(M) to Γs(M) as dened above. Then
Σ in (5.3) is a bundle of groups over M . Furthermore, at eah point x ∈ M , Σx =
R/Per0(ωLx), where Lx is the leaf through x.
Before proving this theorem, let us rst prove a useful lemma.
Lemma 5.1.5. Let L be a leaf through a point x ∈M . Then
∂cγ = (∂sγ,−
∫
γ
ωL).
for every γ representing [γ] ∈ π2(L, x).
Proof. Let (a, u) and (b, v) be A-paths in T ∗M ⊕M R over γ satisfying (3.1.4) and the
boundary onditions:
a(0, t) = b(ǫ, 0) = b(ǫ, 1) = 0 ∈ T ∗M,
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and
u(0, t) = v(ǫ, 0) = v(ǫ, 1) = 0 ∈ R.
Writing out equation (3.1) on the R-omponent more expliitly, we have
∂tv − ∂ǫu = Λ(a, b).
Notie that
♯Λ(a) =
d
dt
γ, ♯Λ(b) =
d
dǫ
γ,
and γ stays entirely in the leaf L. We have
∂tv − ∂ǫu = ωL(
d
dt
γ,
d
dǫ
γ).
So ∫
I
dǫ
∫
I
dtωL(
d
dt
γ,
d
dǫ
γ) =
∫
I
dǫ
∫
I
∂vdt−
∫
I
dt
∫
I
∂ǫudǫ
=
∫
I
(v(ǫ, 1) − v(ǫ, 0)) −
∫
I
dt(u(1, t)u(0, t))
= −
∫
I
u(1, t)dt,
i.e.
∫
γ ωL = −
∫
I u(1, t)dt.
The brakets on gx(T
∗M ⊕M R) and gx(T
∗M) are indued from T ∗M ⊕M R
and T ∗M respetively. (X,λ) and (Y, u) ∈ gx(T
∗M ⊕M R) an be extended to setions
(X˜, λ˜) and (Y˜ , µ˜) in T ∗M ⊕M R suh that λ˜ and µ˜ are loally onstant funtions around
point x. Then,
[(X,Λ), (Y, µ)]gx(T ∗M⊕MR) := [(X˜, λ˜), (Y˜ , µ˜)]T∗M⊕MR(x)
= ([X˜, Y˜ ]T ∗M (x), ♯(X˜)(µ˜)− ♯Λ(Y˜ )(λ˜) + Λ(X˜, Y˜ )(x))
= ([X,Y ]gx(T ∗M), 0).
So gx(T
∗M ⊕M R) is isomorphi to gx(T
∗M) ⊕ R as a Lie algebra. Therefore, as Lie
groups, Σ(gx(T
∗M ⊕M R)) = Σ(gx(T
∗M))× R.
Then ∂cγ, dened as the end point of the integration path of (a(1, ·), u(1, ·)),
has the rst omponent the end point of the integration path of a(1, ·) and the seond
omponent
∫
I u(1, t)dt = −
∫
γ ωL. Therefore, we have ∂cγ = (∂sγ,−
∫
γ ωL).
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Remark 5.1.6. When M is a regular Poisson manifold, in the denition of Lie brakets
on gx(T
∗M ⊕M R) and gx(T
∗M), we an hoose the extension X˜ and Y˜ both lying in
gy(T
∗M) for all y in a neighborhood of x. Therefore, the Lie brakets of gx(T
∗M ⊕M R)
and gx(T
∗M) are both 0. So the Lie groups Σ(gx(T
∗M ⊕M R)) and Σ(gx(T
∗M)) are
abelian and isomorphi to their Lie algebras.
Now we are ready to prove Theorem 5.1.4.
Proof of Theorem 5.1.4. At a point x ∈M , by denition, we have
Σx = π
−1([1x]) ={[1x, u] : (1x, u) is an A-path inT
∗M ⊕M R
with the onstant path x as its base path}.
Notie that (1x, u) ∼ (1x,
∫
I u(t)dt) by the homotopy (b(ǫ, t), v(ǫ, t)) = (0x,−
∫ t
0 u(s)ds+
t
∫
I u(s)ds). We an rewrite Σx as:
Σx = {[(1x, c)] : (1x, c) is a onstant A-path in T
∗M ⊕M R over x}.
By the denition of monodromy groups and their lose relation to N˜x, we have
gx = R/N˜x(T
∗M ⊕M R) ∩ 1x × R,
beause 1x × R lies in the onneted omponent of the identity (1x, 0).
By Lemma 5.1.5,
N˜x(T
∗M ⊕M R) = {∂cγ : γ ∈ π2(L, x)}
= {(∂sγ,−
∫
γ
ωLx), [γ] ∈ π2(L, x)}.
So
N˜x(T
∗M ⊕M R) ∩ 1x × R = 1x × {−
∫
γ
ωLx : ∂sγ = 1x, γ ∈ π2(L, x)}
= 1x × Per0(ωLx).
Therefore Σx = R/Per0(ωLx).
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5.1.3 The integrable ase
With the same setting as in Theorem 5.1.4, if we assume the integrability of
T ∗M , then Γs(M) is a sympleti groupoid with sympleti 2-form Ω. We an express
the group Σx in terms of the period group of Ω|s−1(x), whih is dened as
Per(Ω|s−1(x)) = {
∫
g
Ω : [g] ∈ π2(s
−1(x))}
Corollary 5.1.7. If T ∗M is integrable, i.e. if (Γs(M),Ω) is a sympleti groupoid, then
the group Σx = R/Per(Ω|s−1(x)).
Proof. On an s-bre s
−1(x) of Γx(M), t : s
−1(x) → L is a submersion. We also know
that t is an anti-Poisson map, so t
∗ωL = −Ω. Examining ∂ more arefully, it is not hard
to see that ∂γ = 1x means exatly that γ(ǫ, t) an be lifted to g-paths (i.e. paths inside
the soure bre of the groupoid) g(ǫ, t) suh that g(0, t) = g(1, t) = g(ǫ, 0) = g(ǫ, 1) = 1x.
This tells us that γ an be lifted to a 2-oyle g in s−1(x). They satisfy∫
γ
ωL =
∫
g
t
∗ωL = −
∫
g
Ω.
So we have
Σx = R/{−
∫
γ
ωL : ∂sγ = 1x, γ ∈ π2(L, x)}
= R/{
∫
g
Ω, [g] ∈ π2(s
−1(x))}
= R/Per(Ω|s−1(x)).
When Γc(M) is a smooth manifold, there is a 1-form θ suh that (Γc(M), θ, 1)
is the soure-simply onneted ontat groupoid of M . There is an R-ation on Γc(M)
given by
s · [(a1, a0)] = [(a1, a0 + s)]
It is well dened. In fat, we have the following lemma:
Lemma 5.1.8. Any A-path (a1, a0) in T
∗M ⊕M R has the following property:
[(a1, a0 + s)] = [(a1, a0)] · [(0x, s)] = [(0y, s)] · [(a1, a0)],
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where x = γ(0) and y = γ(1) are the end points of the base path γ, and (0x, s), (0y , s)
are onstant paths over x and y respetively.
Proof. Choose a suitable ut-o funtion τ ∈ C∞(I, I) with the property that τ ′ is zero
near 0 and 1. For any path c, denote the reparameterization of c by τ by cτ = τ ′c(τ(t)).
Note the following fats about A-paths in T ∗M ⊕M R:
• If
∫
I a0 =
∫
I a
∗
0, then (a1, a0) ∼ (a1, a
∗
0) through
(
0,
∫ t
0 ǫa0(t) + (1− ǫ)a
∗
0(t)
)
.
• (a1, a0) ∼ (a
τ
1 , a0) through ((τ(t)− t)a1((1− ǫ)t+ (1− ǫ)τ(t)), 0).
Then
[(a1, a0)] · [(0x, s)] = [(a
τ
1 , a
τ
0)] · [(0
τ
x, s
τ )]
= [(aτ1 , a
τ
0 ⊙ s
τ )].
Sine
∫
I a
τ
0 ⊙ s
τdt =
∫
I a
τ
0 +
∫
sτ =
∫
I a0 + s, we have
(aτ1 , a
τ
0 ⊙ s
τ ) ∼ (aτ1 , a0 + s) ∼ (a1, a0 + s).
Therefore [(a1, a0)] · [(0x, s)] = [(a1, a0 + s)].
Similarly [(0y, s)] · [(a1, a0)] = [(a1, a0 + s)].
This ation is not always free. In fat, with the above lemma, it is easy to
onlude that it is free i Σx = R for all x ∈ M . The vetor eld
∂
∂s generating this
ation always has orbits R
1
or S1 when M is integrable as a Jaobi manifold. Please
refer to subsetion 6.3 for details.
By a alulation in loal oordinates, we an see that
∂
∂s is the Reeb vetor eld
of θ, i.e.
L ∂
∂s
θ = 0, i(
∂
∂s
)θ = 1. (5.5)
This tells us that dθ is basi, i.e. there is a 2-form ω on Γs(M), suh that dθ = π
∗ω. ω
is obviously losed. Moreover, it is nondegenerate and multipliative. This follows from
the nondegeneray and multipliativity of θ. Therefore it is a multipliative sympleti
2-form on Γs(M). It is easy to hek that the soure map ss : (Γs(M), ω) → (M,Λ) is
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a Poisson map beause sc : (Γc(M), θ) → (M,Λ) is a Jaobi map. So (Γs(M), ω) is the
soure-simply onneted sympleti groupoid of (M,Λ). By uniqueness, we must have
ω = Ω. Therefore π∗Ω = dθ.
5.1.4 Integrability of Poisson bivetors
Theorem 5.1.9. Suppose that (M,Λ) is integrable as a Poisson manifold and (Γs(M),Ω)
is the soure-simple onneted sympleti groupoid of M . Then the following statements
are equivalent:
1. The sympleti 2-form Ω is exat;
2. The period groupoid Per(Ω|s−1(x)) = 0;
3. The group bundle Σ is the trivial line bundle R×M ;
4. The Poisson bivetor Λ is integral as a Lie algebroid 2-oyle on T ∗M ;
5. M is integrable as a Jaobi manifold and as a groupoid Γc(M) = Γs(M) ⋉c R, for
some groupoid 2-oyle c on Γs(M).
Proof. From Theorem 5.1.4 and Proposition 5.1.1, it's easy to see that (1) ⇒ (2) ⇔ (3)
⇐(5)⇐(4). So we only have to show that (3)⇒(1) and (2)⇒(4).
(3)⇒(1): Sine Σx = R, the R-ation we onstruted earlier is free. So
Γc(M)
π
−→ Γs(M) is a R-prinipal bundle. By (5.5), θ is a onnetion 1-form of this
bundle and π∗Ω = dθ shows that Ω is the urvature 2-form. Sine R is ontratible, π∗
indues an isomorphism from H2(Γs(M)) to H
2(Γc(M)). So [π
∗Ω] = [dθ] shows that
[Ω] = 0, i.e. Ω is exat.
(2)⇒(4): If we view Λ ∈ ∧2TM = ∧2(T ∗M)∗, then right translation an move
it along the s-bres and make it into a 2-form ΩΛ on the s-bres. By a theorem in [11℄, Λ
is integrable if and only if the period group Per(ΩΛ) = 0. Here, ΩΛ = Ω|
−1
s
(x). Therefore
(2) is equivalent to (4).
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Corollary 5.1.10. If every sympleti leaf in an integrable Poisson manifold M has
exat sympleti form, then the sympleti form Ω of Γs(M) is also exat.
Proof. This is a diret onlusion from the above theorem and Theorem 5.1.4.
5.2 Integrability of Poisson manifolds as Jaobi manifolds
The integrability of M as a Poisson manifold and as a Jaobi manifold are
losely related, but they are not equivalent. In the next hapter, we will see a Poisson
manifold whih an be integrated into a ontat groupoid but not into a sympleti one.
In this subsetion, we deal with the other diretion, i.e. we assume that M is integrable
as a Poisson manifold and desribe its integrability as a Jaobi manifold in terms of the
group bundles Σ and P := ⊔xPer(Ω|s−1(x)).
Proposition 5.2.1. Suppose that a Poisson manifold (M,Λ) an be integrated into the
sympleti groupoid (Γs(M),Ω). Then M is integrable as a Jaobi manifold if and only
if P is uniformly disrete.
Proof. By the main theorem in [13℄,M is integrable as a Jaobi manifold if and only if the
groups N˜x(T
∗M ⊕M R) are uniformly disrete. Realling Lemma 5.1.5, N˜(T
∗M ⊕M R)
is uniformly disrete if sequenes [γi] ∈ π2(L, xi) and xi = x satisfy
lim
n→+∞
distane((∂sγi,−
∫
γi
ωL), (1xi , 0)) = 0, (5.6)
and
lim
i→+∞
xi = x,
then (∂sγi,−
∫
γi
ωL) = (1xi , 0) for i large enough. Condition (5.6) is equivalent to
limi→+∞ ∂sγi = 1xi and limi→+∞−
∫
γi
ω = 0. Sine T ∗M is integrable, the groups
N˜x(T
∗M) are uniformly disrete. Therefore limi→+∞ ∂sγi = 1xi implies ∂sγi = 1xi for i
large enough.
Rephrasing (5.6), if N˜x(T
∗M ⊕M R) is uniformly disrete then there exist se-
quenes ∂sγi = 1xi with limi→∞ xi = x satisfying
lim
i→+∞
∫
γi
ω = 0.
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This implies
∫
γi
ωL ≡ 0 for i large enough.
By Corollary 5.1.7, Per(Ω|s−1(x)) = Per0(ωL). So the above ondition is
exatly the ondition that P is uniformly disrete.
Theorem 5.2.2. If a Poisson manifold M an be integrated into the sympleti groupoid
(Γs(M),Ω), then the following statements are equivalent:
1. M is integrable as a Jaobi manifold;
2. Σ is a Lie groupoid over M ;
3. P is an étale groupoid over M .
Proof. (1)⇒(2): Reall the short exat sequene (5.3). When Γc(M) is a manifold, the
projetion π is a submersion by denition. So Σ ∼= π−1(M) is a smooth submanifold of
Γc(M). Moreover, Σ also inherits a groupoid struture from Γc(M). The soure map
sΣ : Σ→M , sending [(1x, a0)] to x is obviously a submersion. Similarly, the same result
also holds for the target map. So Σ is a Lie groupoid.
(2)⇒(3): As in the proof above, in the short exat sequene
1 −→ P −→ R×M
φ
−→ Σ −→ 1,
φ is a submersion. This tells us that P is a losed submanifold of R ×M . Moreover,
P also inherits a groupoid struture from the trivial groupoid R ×M . The soure map
sP : P → M , sending (x,
∫
γ Ω|s
−1(x)) to x, is obviously a submersion. Similarly, the
target map is also submersion. So P is a Lie groupoid.
The period group Per(Ω|s−1(x)) is a losed subgroup of R beause M is a
losed submanifold of R × M . However, Per(Ω|s−1(x)) ontains at most ountably
many elements sine seond homotopy groups of manifolds are always ountable. So
Per(Ω|s−1(x)) must be disrete. Therefore, P is an étale groupoid.
(3)⇒(1): P being étale implies that P is uniformly disrete. By Proposition
5.2.1, M is integrable as a Jaobi manifold.
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5.3 Relation to prequantization
Prequantizations of sympleti groupoids were introdued by Weinstein and Xu
in [39℄, as the rst steps of quantizing sympleti groupoids, for the purpose of quantizing
Poisson manifolds all at one.
In general, a prequantization E of an sympleti manifold (S, ω) is a S1-prinipal
bundle over S with onnetion 1-form θ that has urvature 2-form ω. It turns out that
(S, ω) is prequantizable if and only if ω represents an integral lass in H2(S,Z).
Generally, the isomorphism lasses of prinipal S1-bundles over any manifold X
form an abelian group P(X,S1) with tensor produt, whih is isomorphi to H2(X,Z).
The isomorphism is onstruted as follows: for a prinipal S1-bundle E, the urvature
2-form ω on X is an integral lass and doesn't depend on the hoie of onnetion. The
lass [ω] is alled the harateristi lass of E. On the other hand, for any integral 2-form
ω, there exists a prinipal S1-bundle E with harateristi lass represented by ω [23℄.
Therefore, there is a unique prinipal S1-bundle E serving as a prequantization for a
sympleti manifold S with integral lass; moreover, when S is simply onneted, the
ohomology lass of onnetions on E is also unique [7℄.
In our ase, the prequantization of the sympleti groupoid (Γs(M),Ω) is losely
related to Γc(M). Z as a subgroup of R ats naturally on Γc(M). With this Z-ation,
we an prove Theorem 1.0.10.
Let us reall the ontent of the theorem. It says: If (Γs(M),Ω) is a sympleti
groupoid with Ω ∈ H2(Γs(M),Z), then M an be integrated into a ontat groupoid
(Γc(M), θ, 1). Furthermore, if we quotient out by a Z ation, Γc(M)/Z is a prequantiza-
tion of Γs(M) with onnetion 1-form θ¯ indued by θ. Moreover, (Γc(M)/Z, θ¯, 1) is also
a ontat groupoid of M .
Proof of Theorem 1.0.10. First of all, when the sympleti form Ω on Γs(M) is an integral
lass, Per(Ω|s−1(x)) is always a subset of Per(Ω) ⊂ the trivial Z-bundle. So P is always
uniformly disrete. Therefore Γc(M) is automatially a Lie groupoid.
By Lemma 5.5, θ is R-invariant, so it desends to Γc(M)/Z, i.e. there is a
1-form θ¯ ∈ Ω1(Γc(M)/Z) suh that π
∗
Z
θ¯ = θ, where πZ is the projetion from Γc(M) to
Γc(M)/Z. Sine θ ∧ (dθ)
n 6= 0, we have θ¯ ∧ (dθ¯)n 6= 0 too, where n = 12(dimΓc(M)− 1).
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So, with this 1-form θ¯, Γc(M)/Z is a ontat manifold.
Moreover, the Reeb vetor eld
∂
∂s an also desend to a vetor eld E on
Γc(M)/Z and beomes the Reeb vetor eld of θ¯, i.e.
LE θ¯ = 0, ι(E)θ¯ = 1.
Sine the period group Per(Ω|s−1(x)) is a subgroup of Z, the S1-ation on
Γc(M)/Z indued by the R-ation on Γc(M) is free and the projetion π : Γc(M) →
Γs(M) fators through to πs : Γc(M)/Z → Γs(M) . Then Γc(M)/Z
πs→ Γs(M) is a
prinipal S1-bundle. By reasoning similar to that in Setion 5.1.3, θ¯ is the onnetion
1-form of the S1-prinipal bundle and Ω is the urvature 2-form. So Γc(M)/Z is a
prequantization bundle of Γs(M).
Moreover, the soure and target maps from Γc(M) to M are R-equivariant. So
we an dene the soure and target maps s¯, t¯ from Γc(M)/Z to M as s¯(h + Z) = s(h),
and similarly for t¯, for all h ∈ Γc(M).
If s¯([(a1, a0)] + Z) = t¯([(a
∗
1, a
∗
0)] + Z), then s[(a1, a0)] = t[(a
∗
1, a
∗
0)]). We an
dene the multipliation by
([(a1, a0)] + Z) · ([(a
∗
1, a
∗
0)] + Z) = [(a1, a0)] · [(a
∗
1, a
∗
0)] + Z.
Notie that
[(a1, a0 + s)] · [(a
∗
1, a
∗
0 + t)] = [(a1, a0)] · [(0x, s)] · [(a
∗
1, a
∗
0 + t)]
= [(a1, a0)] · [(a
∗
1, a
∗
0 + s+ t)]
= [(a1, a0)] · [(a
∗
1, a
∗
0)] · [(0y, s + t)],
so the multipliation is well dened.
Viewing any x ∈M as a onstant path 0x, we have the identity setion
M →֒ Γc(M)/Z, x 7→ [(0x, 0)] + Z.
Moreover, for any [(a1, a0)]+Z ∈ Γc(M)/Z, its inverse element is just [(a¯1, a¯0)]+
Z, where c¯(t) = c(1− t) for any path c.
It is routine to hek that the above gives us a Lie groupoid struture on
Γc(M)/Z. It is also easy to see that the multipliativity of θ¯ follows from that of θ.
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Moreover, s¯ is a Jaobi map beause sc is a Jaobi map. Therefore, (Γc(M)/Z, θ¯, 1) is a
ontat groupoid of M .
Notie that in the proof we have only used the fat that Per(Ω|s−1) ⊂ Z to
onstrut the prinipal bundle struture for Γc(M)/Z. We have the following orollary:
Corollary 5.3.1. The sympleti groupoid (Γs(M),Ω) is prequantizable if Per(Ω|s−1(x))
⊂ Z.
With the same hypotheses, ombining Theorem 5.1.4 and Corollary 5.1.7, we
have:
Corollary 5.3.2. The sympleti groupoid Γs(M) is prequantizable if every leaf of M
has an integral sympleti form.
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Chapter 6
Examples
In this hapter, we give examples on Weinstein groups (when the basis manifold
of a Weinstein groupoid is a point, we all it a Weinstein group) and ontat groupoids.
6.1 Weinstein groups
Example 6.1.1 ( BZ2). BZ2 is a Weinstein group (i.e. its base spae is a point) integrating
the trivial Lie algebra 0. The étale dierentiable stak BZ2 is presented by Z2 ⇒ · (here
· represents a point). We establish all the struture maps on this presentation.
The soure and target maps are just projetions from BZ2 to a point.
The multipliation m is dened by
m : (Z2 ⇒ ·)× (Z2 ⇒ pt)→ (Z2 ⇒ pt), by m(a, b) = a · b,
where a, b ∈ Z2. Sine Z2 is ommutative, the multipliation is a groupoid homomorphism
(hene gives rise to a stak homomorphism). It is easy to see that m ◦ (m × id) =
m ◦ (id×m), i.e. we an hoose the 2-morphism α inside the assoiativity diagram to be
id.
The identity setion e is dened by
e : (pt⇒ pt)→ (Z2 ⇒ pt), e(1) = 1,
where 1 is the identity element in the trivial group pt and Z2.
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The inverse i is dened by
i : (Z2 ⇒ pt)→ (Z2 ⇒ pt), i(a) = a
−1,
where a ∈ Z2. It is a groupoid homomorphism beause Z2 is ommutative.
It is routine to hek that the above satises the axioms of Weinstein groupoids.
The loal Lie groupoid assoiated to BZ2 is just a point. Therefore the Lie algebra of
BZ2 is 0. Moreover, notie that we have only used the ommutativity of Z2, so for any
disrete ommutative group G, BG is a Weinstein group with Lie algebra 0. Moreover,
π0(BG) = 1, π1(BG) = G.
So it still does not ontradit with the uniqueness of the simply onneted and onneted
group integrating a Lie algebra.
Example 6.1.2 ( Z2 ∗ BZ2). This is an example in whih ase Proposition 3.2.6 does
not hold. Consider the groupoid Γ = (Z2 × Z2 ⇒ Z2). It is an ation groupoid with
trivial Z2-ation on Z2. We laim that the presented étale dierentiable stak BΓ is a
Weinstein group. We establish all the struture maps on the presentation Γ.
The soure and target maps are projetions to a point.
The multipliation m is dened by,
m : Γ× Γ→ Γ, by m((g1, a1), (g2, a2)) = (g1g2, a1a2).
It is a groupoid morphism beause Z2 (the seond opy) is ommutative. We have
m ◦ (m× id) = m ◦ (id×m). But we an also onstrut a non-trivial 2-morphism
α : Γ0(= Z2)× Γ0 × Γ0 → Γ1, by α(g1, g2, g3) = (g1 · g2 · g3, g1 · g2 · g3).
Sine the Z2 ation on Z2 is trivial, we have m ◦ (m× id) = m ◦ (id×m) · α.
The identity morphism e is dened by
e : pt⇒ pt→ Γ, e(pt) = (1, 1),
where 1 is the identity element in Z2.
The inverse i is dened by
i : Γ→ Γ, i(g, a) = (g−1, a−1).
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It is a groupoid morphism beause Z2 (the seond opy) is ommutative.
It is not hard to hek that BΓ with these struture maps is a Weinstein group.
But when we look into the further obstrution of the assoiativity desribed in Proposition
3.2.6, we fail there. Let Fi's be the six dierent ways of omposing four elements as dened
in Proposition 3.2.6. Then the 2-morphisms αi's (basially oming from α) satisfy,
Fi+1 = Fi · αi, i = 1, ..., 6 (F7 = F1).
But αi(1, 1, 1,−1) = (−1,−1) for all i's exept that α2 = id. Therefore α6 ◦ α5 ◦ ... ◦
α1(1, 1, 1,−1) = (−1,−1), whih is not id(1, 1, 1,−1) = (−1, 1).
6.2 Contat groupoids
Example 6.2.1 (Sympleti manifolds). When (M,ω) is a sympleti manifold, the sym-
pleti groupoid Γs(M) is the fundamental groupoid of M [10℄. In this ase, Per0(ω) =
Per(ω), so P = Per(ω) ×M is a trivial group bundle over M . P is uniformly disrete
if and only if Per(ω) is a disrete group. Therefore (M,ω) is integrable as a Jaobi
manifold if and only if ω has disrete period group.
Suppose (M,ω) an be integrated into a ontat groupoid. Then aording to
the disussion above, the period group
Per(ω) = a · Z, a ∈ R.
To simplify the onstrution, let us assume that M is simply onneted. Then
Γs(M) = (M ×M, (ω,−ω)).
When a = 0, the ontat groupoid Γc(M) is simply Γs(M)×R and the groupoid
struture is given by Theorem 5.1.9.
When a 6= 0, there is a prinipal S1-bundle (E, θ′) over (M,ω/a). IfM is simply
onneted, E is also simply onneted beause Per(ω/a) = Z and
... −→ π2(M)
∂=
∫
γ
ω/a
−→ π1(S
1) −→ π1(E) −→ 1.
From this, we an get a prinipal R/a · Z := S1a-bundle (E, aθ
′) over (M,ω). S1a ats
diagonally on E × E and the 1-form (aθ′,−aθ′) is basi under this ation, i.e. it is
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invariant under the ation and its ontration with the generator of the ation is 0. So,
(aθ′,−aθ′) an be redued to a 1-form θ on the quotient E × E/S1a . Thus the ontat
groupoid Γc(M) is (E ×R/a·Z E, θ).
Example 6.2.2. When the Jaobi manifold M0 is ontat with ontat 1-form θ0, the
ontat groupoid Γ of M0 is M0 ×M0 × R, i.e. the diret sum of the pair groupoid and
R with multipliation (x, y, a) · (y, z, b) = (x, z, a+ b).
The ontat 1-form is θ = −(exp ◦p3)p
∗
2θ0 + p
∗
1θ0, where pi, 1 ≤ i ≤ 3, is the
projetion of Γ to its i-th omponent. The funtion is f = exp ◦p3.
Example 6.2.3 (2-dimensional ase). Let (M,Λ, E) be a 2-dimensional Jaobi manifold.
Notie that there is no multivetor eld in degree 3, so
[Λ,Λ] = 2Λ ∧ E = 0, [Λ, E] = 0,
i.e. M is a Poisson manifold equipped with a vetor eld E suh that the Poisson
struture is E-invariant.
It is known that every 2-dimensional Poisson manifold M is integrable [12℄.
Atually, by (5.4) it is not hard to see that the monodromy group Nx(T
∗M) = 0 beause
every sympleti leaf of M is either a point or 2 dimensional (so that gx(T
∗M) = 0). By
Lemma 5.1.5, at point x on a sympleti leaf L,
Nx(T
∗M ⊕M R) = {(0,
∫
γ
ωL) : ∂γ}
= Per(ωL).
Therefore, we have
Corollary 6.2.4. A 2-dimensional Jaobi manifold (M,Λ, E) is integrable if and only if
Per(ωL) is disrete for all leaves L.
Example 6.2.5 (Non-integrable ase). As we an see in the last example, there are non-
integrable Jaobi manifolds already in dimension 2. But as Poisson manifolds, they are
all integrable.
LetMa = R
3
be a Poisson manifold equipped with Poisson braket on oordinate
funtions xi as follows:
{x2, x3} = ax1, {x3, x1} = ax2, {x1, x2} = ax3,
86
where a = a(r) is a funtion depending only on the radius r. Away from 0, the Poisson
bivetor eld Λ is given by
Λ = (adx1 + bx1rn¯)∂2 ∧ ∂3 + c.p.,
where n¯ = 1/r
∑
i x
idxi, b(r) = a′(r)/r, and c.p. is short for yli permutation. The
anhors ρs : T
∗Ma → TMa and ρc : T
∗Ma ⊕M R→ TMa are then
ρs(dx
i) = avi, ρc((dx
i, f)) = avi, ∀f ∈ C∞(Ma),
where v1 = x3∂2 − x
2∂3 et.
Then the sympleti leaves of Ma are spheres entered at the origin (inluding
the degenerate sphere: the origin itself). Suppose a(r) > 0 for r > 0. Choose setions
σs : TMa → T
∗M and σc : TMa → T
∗Ma ⊕Ma R as follows:
σs(v
i) = 1/a(dxi −
xi
r
n¯), σc(v
i) = (σs(v
i), 0).
Their ompositions with ρs and ρc are both identities. Then their urvatures are
Ωs =
ra′ − a
a2r3
ωn¯, Ωc =
(
Ωs,
r2
a
ω
)
,
where ω = x1dx2 ∧ dx3 + c.p.. The sympleti form on Sr indued from the Poisson
struture is
r2
a ω. Sine
∫
Sr
ω = 4πr3, the sympleti area of the sphere Sr, Aa(r) is 4π
r
a .
By Lemma 3.6 in [13℄, we have
N~x(T
∗Ma) = {
∫
γ
Ωs, [γ] ∈ π2(Sr)} = A
′
a(r)Zn¯,
and
N~x(T
∗Ma ⊕Ma R) = {
∫
γ
Ωc, [γ] ∈ π2(Sr)} = (A
′
a(r)Zn¯, Aa(r)Z).
Generally, to measure the uniform disreteness of monodromy groups Nx(A) of
some Lie algebroid A over M , we introdue a distane funtion rN (A) on M :
rN (A)(x) = min
06=ξ∈Nx(A)
distane(ξ, 0).
Nx(A) is uniformly disrete if and only if rN (A) > 0, and limy→x rN (A)(y) > 0.
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In our ase, from the equation above, we have,
rN (T
∗Ma)(x) =


+∞ if r(x) = 0 or A′a(r) = 0,
A′a(r) otherwise,
and
r(T ∗Ma ⊕Ma R)(x) =


+∞ if r(x) = 0,
A′a(r) +Aa(r) otherwise.
Therefore, Ma is integrable as a Poisson manifold exatly when A
′
a is nowhere 0 and
limr→0A
′
a(r) 6= 0 or A
′
a ≡ 0; Ma is integrable as a Jaobi manifold exatly when
limr→0A
′
a(r) + Aa(r) 6= 0. By hoosing a suitable funtion a, (for example a(r) =
1/(sin r+ 2)), it is easy to disover an example Ma whih is integrable as a Jaobi man-
ifold but not as a Poisson one.
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